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The subgroup of homeomorphisms stabilizing the
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The Schottky group with generators S; := G; Gy, an
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The domain of discontinuity of the Kleinian group &.
The limit set of the group &.

The deformation space of the special Kleinian

group &.

An element of the deformation space: an ordered set
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A global system of coordinates in %éf‘ related to the
parameters of linear second-order rotations Gj.

A fundamental domain of the Kleinian group &
generated by the system g of linear fractional
transformations, which is bounded by the imaginary
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A Beltrami coefficient and a Beltrami differential,
respectively.

A labyrinth space, a model for the universal covering
space z%;;,k .
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simple poles at infinity.

The global period map.
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manifold of distinguished differentials 73, on curves
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A globally defined (Green’s) function on the sphere.
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1"2 := I'e N H, here @ = |, — or empty.
A comb-like domain constructed from a weighted
graph.

A cutoff function equal to 1 in a 2-dimensional
neighbourhood of the point x = 0.

A “Courant tent”, a function of the real variable ¢.
The Heavyside function of the real variable ¢.

A fibre of the period map I1_ over the point Cy in the
space of functionals.

A (g —k + 1)-subsetof {1,2,..., g}.

The braid on g + 2 strands corresponding to i.

A fundamental domain of the Schottky group & in
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A Schottky function, the exponential of an abelian
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Introduction

A couple of years before the Crimean War broke out, P. L. Chebyshev travelled to
Great Britain to get to know the most advanced technologies of that time. On his
return to Russia, he concentrated on a purely engineering problem of minimizing
the friction in the joins of Watt’s parallelogram which turns the back—and—forth
motion of the steam engine into wheel rotation. Chebyshev’s investigations led to
the eventual replacement of the parallelogram linkage by the crankshaft, which is
still in use today. As a by—product of the evolution of technology, the Chebyshev
polynomials were discovered, un miracle d’analyse, in J. Bertrand’s words, which
since then have found their way into all the textbooks. These polynomials have
turned out to solve the simplest problems of constrained minimization of the
deviation

| PullE := max | P,(x)|, (D)
xXeE

where E is a compact subset of the real axis, over the space of real polynomials
n
{Pn(x) = chx“'} ~ R )
s=0

Now, 150 years later, steam engines are no longer used, but an interest into least
deviation problem is still here [33, 146]. Today it is connected, for example, with
optimizing numerical algorithms [97,114] and signal processing [14,45]. We present
several typical problems.

Problem A. Let E be a system of several finite intervals on the real axis.
Minimize the norm ||P,| g of a polynomial satisfying fixed linear constraints on
its coefficients co, c1, ..., Cy.

The least deviation polynomial with fixed leading coefficient is called the
Chebyshev polynomial on E. The Zolotarév problem [146, 160] corresponds to
the case of one interval E = [—1, 1] and several fixed leading coefficients of the
polynomial. The V. A. Markov problem [101] corresponds to one interval E and
one linear constraint.

XV
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Problem B. Find a polynomial R, (x) approximating the exponential function to
order p <natx =0, R,(x) = 1 +x+x2/2!+---+x?/p!+o0(xP), such that the
deviation ||R,|| g does not exceed 1 on the largest possible interval E = [—L,0],
L >0.

The problem of optimal stability polynomial R, (x) was stated by several authors
[65,71, 105,127, 142] in the late 1950s/early 1960s, in connection with designing
explicit n—stage stable Runge—Kutta methods of accuracy order p.

Solving such extremal problems numerically for practically interesting degrees
n ~ 1,000 is well known to be very complicated. The algorithms due to Remez
[77,98,126], Lebedev [95], Peherstorfer—Schiefermayr [118], or convex program-
ming methods [129, 146] require a large amount of computational resources for the
following reasons: (1) the solution is sought by iterations in a high-dimensional
space (of dimension of order #) and (2) the norm of a polynomial is a non-smooth
function of its coefficients which is difficult to evaluate.

The classical approach, when a solution is expressed by an explicit formula,
is free from these deficiencies [122]. One hundred and fifty years ago, when no com-
puters were known, iterative methods of solution were considered unsatisfactory.
The first least deviation problems were solved by producing analytic expressions
for the polynomial and its argument, thus defining the polynomial parametrically:

T,(u) := cos(nu); x(u):=cos(u), uecC 3)
(Chebyshev [47]) and
1 H(a+u)]" H(a—u)1")
2=\ ez * i) | @

2 2
_ snz(u) + sn (a)’ LeC.
snZ(u) — sn2(a)
(Zolotarév [160]). In the last formula, H(:) is the elliptic theta function with
modulus k € (0, 1) in Jacobi’s (outdated) notation [155], sn(:) is the elliptic sine
function with the same modulus,anda := mK(k)/n,m = 1,2,...,n—1,is aphase
shift, where K (k) is the complete elliptic integral with the same modulus k. These
parametric formulae can be treated as follows: the function x () is automorphic with
respect to the discontinuous action of some group & on the complex plane. The orbit
manifold C/® is the Riemann sphere (in the case (3)) or a torus (in the case (4)).
The expressions for 7, (1) and Z, (u) are well defined on the corresponding quotient
spaces and are degree n polynomials of x. We see that classical solutions are related
to algebraic curves of small genus g = 0, 1, and the complexity of their computation
it independent of the degree n of the polynomial.

Developing the classical approach to problems of least deviation in the uniform
norm, instead of the full space of polynomials (2), we shall seek the solution
on certain low-dimensional submanifolds of this space. The alternation principle
discovered by Chebyshev [33, 146] and subsequently explained by convex analysis
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says that the following situation is typical. Most critical points of the solution T (x)
are simple, correspond to the values +| T (x)| g, and lie in E. Polynomials of this
kind are very special; they fill low-dimensional submanifolds of the space (2). Here
is a geometric explanation for this. A solution to an extremal problem corresponds
to a tangency between the (usually linear) submanifold of (2) corresponding to the
constraints of the problem and the sphere formed by the polynomials of equal norm.
A ball corresponding to the uniform norm is a convex curvilinear polytope: its
boundary is not smooth and is partitioned into faces of various dimension. Low-
dimensional faces are more protruding, so it is little surprising that planes touch
these faces more often. (For example, the corners of an old suitcase are worn out
the most; a pencil falling on the floor reaches it with its tip more often than flatwise,
etc.) On the other hand, higher-dimensional faces of a ball are ruled and their contact
with linear subspaces can occur along continua: then the corresponding minimum
problem is not uniquely solvable. We shall show that for polynomials solving least
deviation problems the above—described form is more common. This justifies the
following definition.

Definition 1. A real polynomial P(x) is called a (normalized) g—extremal polyno-
mial if all of its critical points, apart from g points, are simple and the corresponding
values of the polynomial are £1.

Here the parameter g, the number of exceptional critical points, can be calculated
by the formula

g= Y odP )+ Y BordP’(x)], (5)

xiP(x)#+1 xiP(x)==%1

where ord P’(x) is the order of the zero of the derivative of P at the point x € C
and [-] is the integer part of a number.

The term “extremality” is used here for two reasons. On the one hand we
distinguish the critical points which do not obey certain general rules. On the other,
the polynomials with small value of g are more likely to solve various extremal
problems involving the uniform norm. They are important for applications and,
slightly abusing the language, we shall call them simply extremal polynomials.
Polynomials with extremality parameters g = 0 and g = 1 were discovered
150 years ago and are known as Chebyshev and Zolotarév polynomials, respectively.
We give the graphs of several 2-extremal polynomials in Fig. 6.4.

Our aim in this book is to investigate g—extremal polynomials and to use them
for an effective solution of optimization problems. The ideas behind our approach
to problems of least deviation in the uniform norm and the technical realization of
this approach are more complicated than the algorithms due to Remez, Lebedev,
and other authors mentioned above. However it has an advantage: the complexity
of computing a solution using explicit analytic formulae does not depend on the
degree n of the polynomial, as we clearly see in the classical Chebyshev and
Zolotarév formulae. On the other hand, the bulk of calculations grows rapidly with
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the parameter g, so the natural range of application for this method is the case when
solutions have a high degree n, but only a few of constraints are imposed on their
coefficients and the set E consists of a few components.

Polynomials, as well as rational and algebraic functions with few critical values,
is a classical object of mathematical investigations, lying on the border between
“continuous” and “discrete” mathematics.

One of the lines of these investigations goes back to Hurwitz [78]; it is related
to classifying branched covers of the sphere, investigating the strata of the corre-
sponding discriminant set, Lyashko—Loijenga maps, Belyi pairs, and Grothendieck’s
dessins d’enfants. In recent years this approach has been extensively developed
by the Moscow Mathematical School (see e.g. the comments and references to
Problem 1970-15 in “Arnold’s Problems” [15] and also [87,90,91,113,158,163]).
For instance, in [136] polynomials with precisely two finite critical values (Shabat
polynomials) and their applications to number theory are considered.

Another line of research dates back to Chebyshev [47] or, in fact, to Niels
Abel [2]. It is related to the investigation of Pell’s equation' with polynomial
coefficient, continued fraction expansions, and conditions for the reduction of
abelian integrals, when these turn into integrals of lower genus and, in particular,
can be reduced to elementary functions [19]. For a survey of this line of research
we refer the reader to [139], [144] and also to [9, 13,46, 86]. A characteristic feature
of this second approach is effective calculations and links to applications. Bearing
all this in mind, we take the second approach and wish to develop it to the level of
effective numerical calculations [37,40,43].

Chebyshev’s programme. In [47] Chebyshev showed that solutions P(x) of
the minimax problems that he stated satisfy Pell’s equation

P*(x) — D(x)Q°*(x) =1 (©6)

2g+2

with a square—free polynomial D(x) := [] (x — e,) determined by the data of the
s=1

optimization problem. The first author to consider Pell’s equation with a polynomial

coefficient D(x) was Abel [2], who proposed two tests for its solvability: (1) the
function /D (x) expands in a periodic continued fraction; (2) for some choice of
the coefficients ¢, the primitive

g—1
x84 > cex’
s=0
— dx

v D(x)

can be expressed “in terms of logarithms” [46]. Chebyshev proposed to seek
solutions to (6) as the cosines of hyperelliptic integrals. Here is his argument:

'Pell’s equation is the Diophantine equation P? — DQ? = 1, where D is a fixed square—free
integer coefficient and P and Q are unknown integers. It was considered by William Brounker
(1657), Pierre Fermat, John Wallis. By confusion Euler related it to John Pell [58].
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differentiating Pell’s equation we easily see that the polynomial P’(x) is a multiple
g—1

of Q(x), so that P'(x) = n(xg + > csx“') Q(x), n := deg P, with some
s=0

coefficients c¢;. Now substituting for Q(x) its expression from (6) we obtain
Chebyshev’s differential equation

g—1
x8 + cex®
P'(x) Eo ’

SR —1 ,/D_(x) ’

Integrating it we readily obtain a solution to Pell’s equation:

n :=deg P.

g—1
s
X84 ) ex

P(t) =cos | in — =0 x|

ej vV D(X)

in what follows we call this the Chebyshev representation for the solution. The
function in the right hand side of this formula is a polynomial if and only if one
of Abel’s criteria holds.? In [47] Chebyshev criticized Abel’s criteria as being not
sufficiently effective, while here he asks how, given a coefficient D(x) of Pell’s
equation, can we understand whether (6) is solvable and, if the answer is “yes”,
how we can effectively find the solutions.

For elliptic integrals this research programme was outlined by Chebyshev and
was completely carried out by his student E. I. Zolotarév in 1868—1877 [160-162].

The history of Zolotarév’s heritage is of interest. In 1872 he was attending
lectures of Weierstrass in Berlin and communicated his achievements. This work
revived Weierstrass’s interest in the reductions of abelian integrals which eventually
resulted in Weierstrass-Poincare reduction theory [119]. In the 1930s Zolotarév’s
works were still known in Germany and were applied by W. Cauer [44, 45] in
electrical engineering. However, his contributions were later all but forgotten in
the mathematical community, although some of them were repeatedly discovered
anew. In the 1990s, thanks to enthusiastic efforts of several authors, the first among
these being Todd [147] and Lebedev [96], Zolotarév’s “priority right” was restored.
Surprisingly, Zolotarév’s name remained known to the community of electrical
engineers all the time.

The next significant step in implementing Chebyshev’s programme was made
by N.I. Akhiezer, who used in these problems the language of geometric function
theory. In 1928, for the solution of the Zolotarév problem with three fixed
coefficients, Akhiezer put forward an Ansatz involving Schottky functions of

2 Alternatively, all the periods of the abelian integral in the last formula must be integer multiples
of 27, the period of cos. This reflects the discrete aspect of the problem under consideration.
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curves of genus g =2. His work [9] was far ahead of his time, although his
solution was incomplete: for instance, he could not tell whether the system
of (Abel’s) transcendental equations for the parameters of the substitution was
solvable. Akhiezer’s methods used the machinery of Green’s functions in the plane
cut in some special way, which shaded the connections with algebraic curves.
Unfortunately, in his further papers [10, 12] on approximation theory Akhiezer
limited himself to elliptic functions, which led to Zolotar€v polynomials and
fractions.

Elliptic integrals were a subject of interest for researchers as long ago as the
second half of the seventeenth century (John Wallis and the brothers Jacob and
Johann Bernoulli). Elliptic integrals gave name to some of the simplest Riemann
surfaces, elliptic curves. The theory of elliptic functions called by Klein the heart
and soul of mathematics of nineteenth century [83], has been extensively developed
for more than 250 years, and the literature devoted to it includes tens of thousands
of publications. Numerical algorithms have been designed for an effective treatment
of curves of genus g = 1 and now are implemented in modern computer software.
This is one reason why the interest in elliptic functions has revived in recent decades.
The interest has arisen in the theory of extremal and orthogonal polynomials
[96,112,116], within the algebro—geometric approach to integrable systems and
scattering by double—periodic potentials [59, 67, 68], and also in the complex
geometric theory of one—dimensional integral equations [36,39].

Riemann surfaces were introduced by Riemann in 1851 as ramified covers of the
sphere. The basics of their theory were established by such German mathematicians
as Jacobi, Weierstrass, Max Noether, Klein, Hurwitz, Fricke, Koebe, Weyl, and
Teichmiiller. The theory of Riemann surfaces has beautiful applications in math-
ematics (embeddings of minimal surfaces, optimization of numerical algorithms),
theoretical and mathematical physics (conformal field theory, string theory, finite
gap integration, matrix models), industry (electrical filters, encoding), and even
medicine (parametrization of the brain surface). The large amount of knowledge
about algebraic curves and their deformation spaces makes it possible to use these
objects in calculations. Apparently, the first computer evaluation of special functions
related to higher genus curves was also related to modelling non-linear waves
in the mid—1980s [35]. Today effective computation of function—theoretic objects
like abelian integrals, differentials, spinors, Riemann thetas, etc. on higher genus
Riemann surfaces is a vibrant branch of numerical analysis with research groups all
over the world (TU Berlin [22,131], Imperial College (London) [50-52], University
of Washington [53-55], Florida State University [30, 75, 76, 133, 134] to mention
just a few).

Numerical analysis of Riemann surfaces and their moduli spaces is based on
the use of Riemann theta functions [56, 61, 108] or Schottky functions [18, 27,
29, 132]. The second way is slightly easier because it allows us to avoid solving
numerically the notorious Schottky problem of characterizing the period matrices
of Riemann surfaces. In the context of optimization problems for polynomials
this approach was put forward by Akhiezer [9] and developed further later on to
yield numerical results [37, 41, 43]. It leans on a theorem [35] stating that real
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algebraic curves can be uniformized by some special Schottky groups &, whose
linear Poincaré theta series converge absolutely and uniformly on compact subsets
of the domain of discontinuity of the group. This result fails for general Schottky
groups: Poincaré even believed that linear series were never convergent (see the
history of this issue and a survey of results in [7, 8, 110, 145]).

The reader’s background. In this book we use methods from various areas of
mathematics. The reader is assumed to be familiar with basic complex analysis [92],
the theory of Riemann surfaces [60,107,123,141], quasiconformal maps [3,152] and
geometry of discrete groups [32, 109]. Some background in Strebel foliations [143]
and Teichmiiller theory [4,20] is also advisable (although not necessary).

The area of application. The following algorithms of numerical mathematics can
be optimized with the use of our results here: (1) designing explicit stable difference
schemes for ordinary differential equations [71]; (2) Chebyshev acceleration in
the iterative solution of large systems of linear equations with a non-singular
symmetric matrix. Our approaches can be used for optimizing electric schemes
and electronic filters. Our method for calculating special functions connected with
Riemann surfaces can be used for numerical simulation in conformal field theory
and finite—gap integration.
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XXii Introduction
A Summary

Chapter 1 is concerned with our definition of extremal polynomials. We present
examples of optimization of numerical algorithms leading to minimax problems of
Chebyshev type. Then extremal problems are investigated with the use of convex
analysis. A solvability criterion for least deviation problems with several linear
constraints is established, which generalizes the classical alternance principle. The
shares of polynomials of different types among solutions of problems with fixed
number of constraints are evaluated: the most typical solutions are polynomials
which we call extremal, with small extremality parameter g. Properties of optimal
stability polynomial are investigated.

Chapter 2. The representation for extremal polynomials discussed in this chapter
goes back to Chebyshev and is a geometric interpretation of Pell’s equation with a
polynomial coefficient. With each polynomial P(x) we associate a hyperelliptic
curve

2¢+2

M = M(e) =] (x.w) e C:nw? = ]"[ (x — es)}, (7
s=1

with branch divisor e := {es}i‘f{z consisting of the zeros of odd multiplicity of
P?(x) — 1. The genus g of this curve is equal to the number of exceptional critical
points of P(x) counted with multiplicities by formula (5). In a natural way P(x)
induces a map P (x, w) between covering spaces in the diagram

P
(x,w) e M(e) —— CP'>u

t

P
x € CP! —— CP!

where x(x,w) := x is a two—sheeted covering ramified over the points in e and
o(u):= %(u + 1/u) is a two—sheeted covering ramified over £1. The map P(x, w)
intertwines deck transformations of the covering spaces: P(x,—w) = 1/P(x,w),
so the divisor of P (x,w) consists of two points: a pole of order n := deg P at
infinity co4 on one sheet and a zero of the same order at infinity co_ on the other
sheet. The converse result also holds: any (normalized) meromorphic function P on
M (e) with divisor n(co_ — oo ) satisfies the intertwining condition and induces a
map P (x) between the bases. This latter is a polynomial of degree n which a fortiori
has the required number of simple critical points corresponding to the values £1.
In the framework of this construction the problem of describing g—extremal
polynomials of fixed degree n is equivalent to describing all the curves M of the
form (7) possessing a mermorphic function with divisor n(co— —o004 ). The problem
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Fig. 1 An abelian integral of
the 3" kind on a Riemann
surface is a complex potential
of a flow with one source and
one sink

of existence and representation for such a function is solved in terms of the curve M
itself, with the help of Abel’s criterion [69]. On each curve (7) there exists a unique
abelian differential of the third kind

K dx
= (xg + Zé’sxs)v (€))

s=0

with purely imaginary periods. This normalization has a physical interpretation due
to Helmholz: suppose that the surface is made of conducting material and attach
infinitely thin wires to the points co+ on the surface. Once the wires are connected
to the battery, electric current arises along the surface, whose potential is the real
part of the corresponding abelian integral [ 7y (Fig. 1).

From the distinguished 1-form 1), on M we can recover the polynomial P (x)
of degree n up to a sign, by the explicit formula

(x.w)
P(x) = :i:cos(ni/ nM), xeC,(x,w) e M. (10)
(e,0)

The result of the calculation of the right-hand side of (10) is independent of the
choice of the path of integration, the branch point e, and the point (x,w) € M
lying over x, the argument of the polynomial. This formula is a generalization of
the classical representations (3), (4) for Chebyshev and Zolotarév polynomials and
Peherstorfer’s representation for (non-classical) Chebyshev polynomials on several
intervals [116]. It describes g—extremal polynomials using just a few parameters, the
moduli of the curve M. However, these moduli are not arbitrary; they must satisfy
several relations.

For a curve M associated with a polynomial of degree n the differential form 7,
coincides with n~'d log P (x,w), so a curve M is associated with a polynomial of
degree n if and only if the periods of the distinguished 1—form 7,, on the curve lie
in the lattice 2rin—'Z. For a real curve M, on which we can define the reflection
J (x,w) := (x, w), half of these periods must be zero, and the other half must satisfy
the system of Abel’s equations

mg
—i/ n =2r—, s=0,1,...,g, (11)
C n

s
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where the m; are integers and {C~ }f=0 is a basis of the lattice of integral 1-cycles
on M changing sign after the reflection J .

Chapter 3. It is convenient to assume that the curve M associated with a
polynomial is a point in the moduli space of real hyperelliptic curves of genus
g with marked point co4 on an oriented real oval. This space consists of several
components %’;,k, k =0,...,g + 1, distinguished by the number of real points in
the variable branch divisor e. Each component of the moduli space is a smooth
2g—dimensional real manifold homeomorphic to the product of a cell and the
configuration space of the (half)plane. The fundamental group of J#*, which is
isomorphic to the Artin braid group on g —k + 1 strands, acts on the universal cover
z%i,k of the moduli space by deck transformations. We consider four representations
(models) for %;;,k =~ RR2¢; one of these, an analytic uniformization of the moduli
space ¥, is used in what follows for the effective calculation of extremal
polynomials.

Chapter 4. To visualize the description of all extremal polynomials we develop
graph technique. A point M in the moduli space defines the horizontal foliation
of the distinguished quadratic differential (17)7)* on the Riemann sphere. Strebel’s

theory [143] is concerned with such foliations. The foliation in question is orthog-

(x,w)

onal to level curves of the function W(x) := ‘Re f(e,O) nu |, which is globally

defined on the Riemann sphere. As a result, the structure of the horizontal foliation
(nm)* > 0 is rather simple: its trajectories do not form cycles or mix. The union
of certain pieces of critical trajectories of the foliation and the zero level set of
the function W(x) forms a graph I'; its edges are labelled by their lengths in
the metric associated with the quadratic differential. All the restrictions on the
topology and weights of the graph I" are easy to write out, so an abstract weighted
graph I' satisfying these conditions can be realized as the graph associated with
a unique curve M in the moduli space. Fixing the topology of the graphs I", but
considering variable weights we decompose each component %’;f‘ of the moduli
space into finitely many cells </[I"], in which the periods of the distinguished
abelian differential 1y, on the curve form a part of a natural system of coordinates.
In particular, in each cell &/[I'] the curves M in the moduli space which are
associated with polynomials of fixed degree can be described by the system of linear
equations in this natural system of coordinates (11).

Chapter 5. In a fixed moduli space z%’;,k we investigate Abel’s equations (11),
which describe the points associated with polynomials of degree n. Integrals of
the differential form 7, over independent odd 1-cycles C~ := —JC~ on M
define locally the period map on %’;ﬁ Usually, the moduli space is not simply
connected and the period map cannot be extended to a global map because going
about a non-trivial cycle in the moduli space results in a change of basis in the
lattice of odd 1—-cycles on the curve. The resulting monodromy is described by the
Burau representation ([28], 1932) of the braid group; it vanishes after passing to
the universal cover %;;,k. At points in the universal cover we have a distinguished
basis of the odd homology space: it can be obtained by the parallel translation of a
fixed basis at the marked point M, which corresponds to a natural flat Gauss—Manin
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connection in the vector bundle of homology spaces. Then the left-hand sides of
the equations in (11) define a global period map from the universal cover into the
(g + 1)—dimensional real Euclidean space. We shall explicitly find the image of the

universal covering space 7%:, under this map: for k = g + 1 this is the interior of
a g-simplex, for k = g a union of k open simplexes, and for k < g an infinite
countable union of open g—simplexes numbered by braids. We also show that the
period map is a submersion. In particular, the points in the moduli space associated
with polynomials of degree n form smooth manifolds T(-) of dimension g, which
correspond to the lattice on the right—hand sides of Abel’s (11). These manifolds are
dense in the moduli space in the limit as n — oo.

Chapter 6 is concerned with effective calculations in the moduli space for two
problems:

(1) Solving Abel’s equations (11).
(2) Recovering extremal polynomials by formula (10) and recovering their deriva-
tives of various orders to satisfy the constraints of the least deviation problem.

To this end we uniformize the curves M, points in the moduli space, by certain
special Schottky groups. Summing Poincaré theta series we obtain abelian differen-
tials on curves and, in particular, n,,. Abel’s equations and our representation for
extremal polynomials can be re—written in terms of global coordinate variables on
the universal cover jiik which are related to the parameters of the generators of the
Schottky group.

Chapter 7. How can we solve any given least deviation problems using our
approach? We propose to make use of a suitable Ansatz. First we must analyse the
problem and find the discrete parameters of the Ansatz: the topological invariants g
and k and the indices mo, m1, ..., mg corresponding to the low-dimensional face of
aball in the space of polynomials (2) that contains the solution. Next we must set and
solve numerically a system of 2g transcendental equations for the point M € ji’;,k
in the moduli space associated with the solution P,(x). Abel’s equations describe
a smooth submanifold of the moduli space which is (locally) parametrized by g
coordinate functions, the continuous parameters of the Ansatz. These can be found
with the help of the data of the extremal problem, the constraints on the coefficients
of the polynomials and the end-points of the set E. The variational formulae in
Chap. 6 allow us to arrange various versions of descent methods [31] to solve the
problem of navigation in the moduli space.

We consider the above scheme to solve optimization problems in greater detail,
taking for example the calculation of the optimal stability polynomial R, (x)
approximating the exponent to order p = 3 at the origin and deviating from zero at
most by 1 on the maximal possible interval on the real axis. Problem B for p = 3
and any degree n reduces to the solution of 4 equations in the 4—dimensional moduli
space of algebraic curves .7%!. Keeping in mind the reader who is only interested
in numerical applications we have written this chapter to be understandable to those
who have not read the other chapters of the book.

The Conclusion contains a list of open problems.



Chapter 1
Least Deviation Problems

We begin this chapter by listing areas of science and technology where we come
across problems relating to optimization of the uniform norm. After that we
investigate least deviation problems using methods of convex analysis. We deduce a
generalized alternation principle which completely characterizes solutions of such
problems. In giving the definition of an extremal polynomial in the introduction we
were motivated by this principle. We shall see that most solutions are polynomials
with small value of the parameter g calculated by formula (5) in the introduction.
Finally, we investigate the problem of finding the optimal stability polynomial: we
show that it is solved by an extremal polynomial with g < p — 1.

1.1 Examples of Optimization

1.1.1 Inverting a Symmetric Matrix

Consider a typical computational algorithm such that optimizing it we arrive at
a least deviation problem. We solve a system of linear equations Au= f with a
non-singular symmetric matrix A. When we have a large matrix, which occurs, for
instance, in discretizing equations of mathematical physics, such direct methods
as Gaussian elimination are too labour-consuming and cannot be applied, and so
iterative algorithms are used for finding solutions. Consider a simple two-step
iterative method

uj+1:=uj—(xj(Auj—f), j=0,1,2,...,

in which the parameters «; are determined by the condition that after n steps of the
procedure the error €, := u, — u must be minimal. The error at the nth step can be
expressed linearly in terms of the initial error:

A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 1
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-25634-9_1,
© Springer-Verlag Berlin Heidelberg 2012
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n—1

en = Pa(Aeo.  Po(t) = [[(1—a;0).

Jj=0

and its Euclidean norm is no greater than the norm of the initial error times
the deviation of the polynomial on the spectrum of the matrix: max |P,(?)|.
1€Sp(A)

Calculating the spectrum is an even more laborious procedure than solving a system
of linear equations, but often (for instance, for some physical reasons) we know a
compact subset E of the real axis containing the spectrum of the matrix. In that
case, for the parameters of the iterative procedure we take the reciprocal values
of the zeros of a polynomial solving the following minimum problem: among the
polynomials in the space (2) satisfying P,(0) = 1 find a polynomial that has the
smallest uniform norm on the compact subset E of the real axis.

1.1.2 Explicit Runge-Kutta Methods

The Runge—Kutta method has been used for the numerical integration of systems of
ordinary differential equations for more than a century. Explicit schemes for solution
of the Cauchy problem

dy/dt = f(y.1),

y(t) e R™, (1.1)
¥(0) = yo,

for ordinary differential equations have many advantages: they are simple to
implement, can easily be parallelized, and take relatively little memory resources
in comparison with implicit schemes. At the same time, for stiff problems (when a
solution has a rapidly changing component) Courant’s stability condition imposes
too strong restrictions on the step /. For example, in the case of the simplest Euler
scheme we consider a uniform time grid #; := jh, j = 0,1,2,..., and take the
solution y(#;1) to be approximately

Vi+1:=Yy; +hf(y;.t).

The local stability condition for the Euler scheme has the form & < 2 /A, where A is
the spectral radius of the current Jacobian matrix of the map f(y, t). If the system
(1.1) of equations to be solved is obtained by discretizing an evolution equation of
mathematical physics in the space variables, then A can be very large: for instance,
the finite-difference Laplace operator is unbounded in the limit. Using variable time
steps we can significantly (by a factor of millions) increase the average magnitude
of step while keeping the method stable [93]. Applying the multistage Runge—Kutta
method, with step & consisting of n smaller steps, to the simplest equation dy/dt =
Ay, A > 0, we obtain a relation between the values of an approximate solution at
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consecutive nodes: y; 41 := R, (Ah)y;, where R, (x) is a real polynomial of degree
n, the stability function of the method. If a Runge—Kutta method has accuracy order
P, then its stability function must approximate the exponential function with the
same accuracy at the origin [71, 142]:

Ry(x) =14+ x+x*/24 -+ xP/pl+xPT P, (x), 12)
deg Py—p—1(x) =n—p—1. .

Maximizing the stability region {x:|R,(x)| < 1} of the Runge—Kutta method on the
real axis, for instance, when solving parabolic-type equations by the method of lines,
results in Problem B in the introduction [94, 103]. Zeros of classical Chebyshev
and Zolotarév polynomials are used in the DUMKA software package [71], which
has proved to be effective in many non-linear evolution problems of mathematical
physics [157].

1.1.3 Electrotechnics

The alternating current resistance of a passive (that is, consisting of passive
elements: capacitors, inductors (coils), and resistors) bipolar circuit is a rational
function of the current frequency. The following optimization problem arises in the
design of digital or analogue multiband electrical filters.

Let E be a closed set of disjoint (frequency) intervals on the real axis. In each
interval the transition function F(w) is equal to 0 (stopband) or 1 (passband). One
must find R(w), the best rational approximant of given degree n to the transition
function in the uniform metric on E:

IR — Fl|g := maxoep|R(w) — F(0)| —> min.

When the set E contains just two intervals, the solution is known explicitly: it is a
slight modification of a Zolotarév fraction, the solution of Zolotarév’s third problem
[162], which has a parametric representation in terms of elliptic functions:

R(u) = sn(K(7)|1); x(u) = sn(K(nt)|nt), uecC, (1.3)

where sn(-|-) is the elliptic sine function and K(-) is the complete elliptic integral
with modulus . This function (its graph is given in Fig. 1.1) shares many common
properties with Chebyshev polynomials; the latter occur as a certain limiting case of
Zolotarév fractions. W Cauer in 1930-ies used this function as a frequency response
function for the synthesis of the so-called elliptic electrical filter with one stopband
and one passband. These filters are widely used in contemporary electronic industry
and display the sharpest transition between the passband and stopband.
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Fig. 1.1 The graph of the Zolotarév fraction of degree n = 8

Fig. 1.2 The best rational approximant of degree n = 88 to a transition function

The solution of the above-stated problem with an arbitrary number of bands also
has an analytic representation in terms of higher analogues of (1.3), see details in
[26]. The best rational approximant of degree n = 88 to a certain transition function
F is presented in Fig. 1.2 (computed by D.V.Yarmolich). For other optimization
problems arising in electrical engineering see [14,44,45,49, 154].

1.1.4 V.A. Markov’s Problem

In 1892 V. A. Markov considered the following problem [102]:

Find a polynomial P(x) of degree at most n and with uniform norm 1 on a
finite interval E that delivers the maximum to a fixed linear form (p*|P) of the
coefficients of a polynomial.

Special cases of this problem, when (p*| P) is one of the coefficients of P(x),
the value of P(x), or the value of some derivative of P(x) at a fixed point, were
considered by A. A. Markov [101]. In its simplest form, for n = 2 A. A. Markov’s
problem was posed by D.I.Mendeleev in his treatise “Etudes des dissolutions
aqueuses, fondée sur les changements de leurs poids spécifiques” (1887). The
solution of the above problem reduces to Problem A of least deviation with one
constraint (p*|P) = 1.

Lemma 1.1. If P(x) is a (not necessarily unique) solution of V.A. Markov’s
problem, then % is a solution of Problem A with one constraint (p*|P) = 1.

If P(x) is a (not necessarily unique) solution of of problem A with a single
constraint, then P(x)/||P | g is a solution of V. A. Markov’s problem.
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1.1.5 Other Applications

The following problems provide further examples of problems of least deviation in
the uniform metric:

1. Picking interpolation nodes for functions of prescribed smoothness defined on a
compact subset of the real axis [31].

2. Examples of extremal polynomials are also provided by the Chebyshev splines
of type [n,0;ky,k_], n,kt > 0, that is, the polynomials of degree n with zeros
of order k+ at x = =£1 which have an (n + 1 — k4 —k_)-alternance on [—1, 1].

3. Optimizing one-dimensional quadrature formulae of Gauss type [31,97].

Definition 1.1. A function F(x) is said to have an [/-alternance on the compact set
E if there are / different points of £ where F(x) takes the values £|| F||g and the
values in the neighbouring points have opposite signs.

1.2 Analyzing Optimization Problems

The most common solutions of least deviation problems are polynomials whose
normalizations are extremal in the sense of the definition in the introduction. The
reason for this is explained by convex analysis [129, 146]. We now look at Problem
A in the introduction:

Let E be a finite system of closed real intervals. Minimize the norm || P,| g of
a polynomial, provided that fixed linear constraints are imposed on its coefficients
Co,Cly...,Cp.

Assume that we look for the solution of Problem A on a fixed affine plane L, 41—,
of codimension r in the space of polynomials (2). Such an (n + 1 — r)-plane can
be described as the result of a translation of the annihilator of an r-dimensional
subspace L} of the dual space. With each non-trivial polynomial 7'(x) in (2) we
associate a convex polyhedral cone in the dual space, which we define below. By
the extremal points of the polynomial 7'(x) with respect to £ we shall mean the set

extz(T) = {x € E:T(x) = £|T |z}

We assign to each extremal point x a functional x* on the space of polynomials:
(x*|P) := P(x) -sign T(x). The conical hull of these functionals

m m
cone{x], x5, ..., x5} = %Zasx:‘:ocs > 0; Zas > 0}, m = #extg(T),
s=1 s=1
(1.4)
m m
does not contain the origin because <Z ocsx;‘|T> = |T|lg Y_ a; > 0; we associate

s=1 s=1
it with the polynomial 7. By the dual cone we shall mean the cone of polynomials
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which are positive at each functional in (1.4) (note that only the non-negativity is
required in the standard definition).

Theorem 1.1. A polynomial T(x) € Lyyi1—, delivers a minimum in the least
deviation Problem A if and only if the subspace L intersects the cone (1.4)
associated with the polynomial.

Remark 1.1. The cone in this statement, which is generated by all extremal points
of the polynomial 7" can be replaced, in view of Carathéodory’s principle, by a cone
generated by at most n +2—r extremal points. Thus adjusted, Theorem 1.1 becomes
an interpretation of I. Singer criterion of extremality in [138] and [146].

Proof. A polynomial T € L, -, fails to be a solution of Problem A if and only
if the norms of the polynomials decrease in some direction issued from 7" and
lying in the plane L,;—-. Such a direction can be defined by a polynomial P (x)
annihilating all functionals in L} and taking values of the same sign as 7" at the
extremal points of 7. The following two assertions are therefore equivalent:

(i) T(x) is a solution of Problem A and
(ii) The annihilator of L} is disjoint from the cone dual to (1.4).
We can dualize (ii).

1. Ifthe lineal LY intersects the cone (1.4), then the annihilator of LY is disjoint
from the cone dual to (1.4). For if their intersection is also non-empty, then there
exist a functional p* in the first intersection and a polynomial P (x) in the second
such that 0 = (p*|P) > 0.

2. If LY is disjoint from the cone (1.4), then the annihilator of L} intersects the
cone dual to (1.4). Indeed, assume that L is disjoint from the cone (1.4). Now
using induction we shall increase L to a hyperplane disjoint from the cone. This
hyperplane annihilates a polynomial which is positive on the half-space bounded
by the hyperplane and containing the cone. This polynomial belongs to both the
dual cone and (L¥)*, and so these two sets intersect. It remains to describe the
increasing procedure for L.

At each step, if r < n, then we consider a two-dimensional subspace L} linearly
independent of L. Its intersection with the convex cone L* +cone{x}, x5, ..., x5}
is a convex two-dimensional sector with opening less than m for it does not
contain the origin. Hence L contains a one-dimensional subspace L} disjoint from
L} + cone{x{,x3,...,x,,}. Setting LY, | := LT + L} we complete the induction
step. O

For a fixed subset E of the real axis various Problems A of least deviation differ
in the position of the plane L, +;—, and therefore can be indexed by points in the
real projective Grassmannian Gr(n + 2,n + 2 — r) of dimension r(n + 2 —r). We
see that more problems can be posed than there exist solutions, so that the question
of the rate of the occurrence of each polynomial in (2) among the solutions of least
deviation problems suggests itself. The affine planes L,;—, incident to a fixed
point in the space (2) will be indexed by the directing lineals L* € Gr(n + 1,r).
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In the following statement we characterize the set of Problems A solved by a fixed
polynomial 7'(x).

Lemma 1.2. The lineals L} in the Grassmannian Gr(n + 1, r) which intersect the
fixed cone (1.4) form a closed subset of a Schubert cycle of codimension max (0,
n+ 2 —r —#extg(T)) which has a non-empty (relative) interior.

Proof. The lineals L} intersecting the cone (1.4) form a closed subset of the
Grassmannian because adding the vertex to the cone we make it closed. The set
in question lies in some Schubert cycle which we describe below.

Functionals generating the cone (1.4) associated with a polynomial 7' (x) are
linearly independent if their number m := #extg(7T') does not exceed the dimension
of the space (2). Assume that the linear span of (1.4) belongs to a filtration of the
dual space:

0CR'CcR*cC---cR".

If a subspace L) intersects the cone, then we obtain the first inequality in the
following system (while the other inequalities hold by dimensional considerations):

dim(L¥ N R™MAEDy > 0 dim(LF AR >0 s =1,2,...,7,

which means that L} lies in the Schubert cycle whose Young diagram is an (n +
1 — r) x r rectangle without the (horizontal) row of length max(n 4+ 2 —r —m, 0)
in the lower right corner. We shall now indicate a subdomain of this Schubert cycle
the elements of which intersect the cone (1.4).

In the proof of Theorem 1.1 we established the existence of a support hyperplane
of the cone (1.4) containing its origin, but disjoint from the cone proper. Consider
now an arbitrary subspace L} of dimension / := min(m,n+2—r)—1 that lies in the
intersection of this hyperplane and the linear span of the cone. For a fixed point p*
in the relative interior of the cone there exists a neighbourhood of the origin & C L}
such that p* + ¢ lies in the cone. We consider now the set of pairs (y*, L¥_,), where
y* € O and L_| is a subspace of the support hyperplane such that dim(L*_, N
L}) = 0. Such subspaces L _, fill an open subset of the Grassmannian Gr(n, r —1),
which contains at any rate a Schubert cycle of the maximum dimension (r —1)-(n +
1 —r). Each pair (y*, L?_,) defines an r-subspace spanned by L*_, and the vector
p* + y* and intersecting the cone. By construction, distinct pairs define distinct
r-subspaces. We have thus defined an embedding in the set of r-subspaces intersect-
ing the cone (1.4) of a domain in the space of dimension (r —1)-(n+1—r)+1 =
r(n+1—r)—max(n + 2 —r —m,0) equal to the dimension of the Schubert cycle
in the previous paragraph. O

DI1ScusSION. We see that the greater is the number of extremal points of a
polynomial on E, the higher is the dimension of the space of Problems A solved
by this polynomial. Of course, our arguments do not mean that a slight perturbation
of the conditions of an arbitrary problem brings the number of extremal points of
the solution 7" (which also is not necessarily unique) close to the expected quantity
n+2—r. Although each polynomial with # extg (T') < n+2—r is a solution of fewer
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problems, the number of such polynomials is much greater. A crude dimension
evaluation shows that these two effects roughly counterbalance each other: in (2)
the polynomials with # extz (T") = m lie on submanifolds of codimension m — 1 and
each is a solution of an ((r — 1) - (n + 1 —r) 4+ m — 1)-dimensional set of problems,
which yields precisely the dimension of the Grassmannian Gr(n +2,n +2 —r), the
index set of least deviation problems.

1.3 Chebyshev Subspaces

Which least deviation problems automatically have extremal polynomials as solu-
tions? Each extremal point of a polynomial 7" lying in the interior of E is critical,
and the value £ || T'|| g at this point has an even multiplicity. That is, we are interested
in problems whose solutions have many extremal points, provided that the boundary
of E consists of few points. For instance, the number of extremal points of a solution
is at least n + 2 — r if the polynomials satisfying the homogeneous constraints of
the problem form a Chebyshev subspace.

Definition 1.2. Finite dimensional space of functions is said to be Chebyshev on
E iff any function in this space has no more zeroes in E, than the dimension of the
space minus one.

The main source of Chebyshev subspaces is provided by divisor spaces occurring
in algebraic geometry. Let D be a divisor (a formal finite sum of points with integer
multiplicities) in the Riemann sphere that is symmetric relative to the real axis and
assume that D 4+ n - oo > 0. By the space of this divisor we shall mean the subspace
of polynomials in (2) such that the multiplicities of their zeros (and poles: a pole has
a negative multiplicity) at an arbitrary point in the Riemann sphere are no smaller
than the multiplicity of this point in the divisor:

ZL(-D) :={P € R[x]: (P) = D}. (1.5)

The codimension of .Z(—D) in the space of polynomials (2) is equal to the
minimum of degD + n and n + 1. If the support of the divisor D is disjoint
from the set E, then the divisor space is Chebyshev on E. The constraints in the
corresponding least deviation problem fix the values of the solution 7 at the finite
points in D (and the values of its first derivatives if the multiplicity of the point is
higher than 1), and also fix several leading coefficients of T if the point at infinity
has multiplicity higher than (—n) in the divisor.

Theorem 1.2 (S.N. Bernstein [33]).

1. Ifalineal (L¥)* is Chebyshev on a set E, then the solution of the corresponding
least deviation problem A has at least n + 2 — r extremal points in E.
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2. If the same lineal is Chebyshev on the convex hull of E, then the solution is
unique and is characterized by the property of having an (n 4+ 2 — r)-alternance
on E (the definition of alternance was given is Sect. 1.1.5.)

Proof. 1. If T'(x) is a solution of the least deviation problem, then by Theorem 1.1
for some extremal points x; of this polynomial and positive weights a; we obtain

> oy -signT(x,) - P(x;) =0 foreach P(x) € (L})*. (1.6)

s=1

Assume that the number m of extremal points in (1.6) is less thann + 2 — r.
The dimension of (L;“)J- is n + 1 — r, therefore there exists a polynomial
P(x) € (L:‘)J- vanishing at n — r points: at xj, x2,...,X,—; and at some
n+1—r—m points in E \ extg(T). Since (L;“)J- is a Chebyshev space, it
follows that P(x,,) # 0, and therefore in (1.6) we have «,, = 0, a contradiction.
2. Assume that the solution 7'(x) has the same sign at two neighbouring extremal
points, x; and x;4;. We consider a polynomial P(x) € (L:‘)J- vanishing at the
remaining n — r extremal points (see the remark to Theorem 1.1). Then equality
(1.6) takes the form o5 P(x;5) + a5+1 P(x54+1) = 0. This means that P(x) must
also have a zero on the interval [x;, x;41], in contradiction with the Chebyshev
property of the space (L*)* on conv E. Thus, each solution T has an (n+2—r)-
alternance on E. Conversely, each polynomial 7'(x) € L,+;—, having an (n +
2 — r)-alternance on E is a unique solution. If there exists another polynomial
whose deviation on E does not exceed that of 7'(x), then their difference belongs
to (L:‘)J- and has at least n + 1 — r zeros on conv E, so that it is trivial. O

1.4 The Problem of Optimal Stability Polynomial

Problem B of finding an optimal stability polynomial can be reduced to the least
deviation problem A with Chebyshev constraints that we have just considered.

Theorem 1.3 ([40,127]). The problem of optimal stability polynomial is uniquely
solvable. A polynomial

2

xp
Rn(x)=1+x+§+---+?+o(xp) 1.7)

and an interval E = [—L,0] on which | R, | g has deviation 1 solve Problem B if
and only if R,, has an (n + 1 — p)-alternance on E \ {0}.

Proof. As | increases, the closed ball {|| P|[{—;0 < 1} in the space of polynomi-
als (2) contracts (linearly, but anisotropically) and, in the limit as / — oo, contains
only constant polynomials, which cannot satisfy the constraints (1.7) if p > 1.
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Hence there exist (i) a largest interval £ := [—L, 0] and (ii) a polynomial R, (x)
with deviation 1 on FE satisfying the constraints.

1. We claim that at the same time R, (x) is a solution of Problem A with constraints
(1.7) on the interval E’ := [—L,—¢]; here ¢ is any positive quantity that is
smaller than 1, L/2, and 1/ max |P”(x)|, where the maximum is considered
over the compact set {(P,x):x € [-L/2,0]; || Pl -2y < 1;deg P < nj}.
Indeed, assume that there exists a polynomial P(x) in the space (2) satisfying
the r = p + 1 constraints (1.7) and with deviation less than 1 on E’. In view of
the local increase of P(x) in a neighbourhood of the origin and the smallness of
&, | Pllg < 1. Since the value of P(x) at the end-point x = —L is less than 1
in absolute value, E can be increased while keeping the norm of P (x) the same,
which contradicts the maximality of E.

The linear constraints in (1.7) mean that the r = p + 1 lower coefficients
of the polynomial are fixed. A polynomial of degree at most n which satisfies
the corresponding homogeneous constraints has a zero of order r at x = 0, so
it has at most n — r zeros on E’, and therefore the corresponding subspace is
Chebyshev. By Bernstein’s Theorem 1.2 the least deviation polynomial R, (x) is
unique and has an (n + 1 — p)-alternance on E’.

2. Conversely, let R,(x) be a polynomial of the form (1.7) with an (n + p — 1)-
alternance on the half-open interval [—L, 0) and with deviation 1 in this interval.
By Theorem 1.2, R, (x) solves the least deviation problem with constraints (1.7)
on the set E/ = [—L,—¢], where ¢ > 0 is sufficiently small. The optimal
stability polynomial has deviation 1 on E’ and satisfies the same constraints.
Since the least deviation problem has a unique solution, R, is the optimal
stability polynomial. O

1.4.1 Properties of Optimal Stability Polynomials

The existence of an alternance enables us to find an estimate for the number of
zeros of the optimal stability polynomial and its derivative in the stability region
E = [-L,0]. Their precise number is described by the following result.

Lemma 1.3. The solution R, (x) of the optimization Problem B and its derivative
R/ (x) have only simple zeros, which lie in E and C \ R in the following amounts:

The number of zeros of R, in £ inC\R

p even n—p p
p odd n—p+1| p—1

The number of zeros of dR,/dx| inE |inC\R
p even n—p+1| p—2
p odd n—p p—1
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Fig. 1.3 Order stars in a neighbourhood of the origin for (a) even p and (b) odd p

Proof. Assume that a real polynomial approximates the exponential function at the
origin with precise order p: P,(x)—exp(x) ~ x?T!. Then it has at least 2[p/2]
distinct complex zeros [1]. The proof of this statement is based on the analysis of
the topology of the order stars [71].

We consider two open subsets of the complex plane: black and white, that are
symmetric relative to the real axis. At points in the white subset the function
P,(x)/exp(x) is less than 1 in absolute value, in the black subset its absolute
value is greater than 1. These two subsets, which are called the order stars, have
the following easily verified properties [71]:

(a) The black and the white sets have precisely one unbounded component each.

(b) In the neighbourhood of the origin these subsets make up curvilinear sectors of
angle 7/(p + 1) and of alternating colours (see Fig. 1.3).

(c) Each bounded component of the white set contains a zero of the polynomial
(use the maximum principle for the harmonic function log | P (x) exp(—x)|).

(d) The black set has no bounded components (they would contain poles of the
polynomial) and is therefore connected.

Hence one concludes that an arbitrary component of the white set contains at
most one sector: otherwise (d) fails. If a white component contains a sector lying
strictly in the upper or the lower half-plane, then the entire component lies in this
half-plane since the white subset is mirror-symmetric. In addition, such a component
must be bounded: by (a) the unbounded component intersects both half-planes. We
see from Fig. 1.3 that for even p there exist p white sectors disjoint from the real
axis and for odd p there exist at least p — 1 such sectors. Each of them lies in
some bounded white component disjoint from the real axis and containing a zero of
the polynomial P, (x) by (c). Correspondingly, our polynomial has at least 2[p/2]
complex zeros and its derivative has at least 2[(p — 1)/2] complex zeros.

One can say more about the position of the zeros of the optimal stability poly-
nomial R, (x) and its derivative. Between two neighbouring points of the alternance
there exists a zero of the polynomial, and each point of the alternance lying in the
interior of E is a zero of its derivative. The interval between the origin and the
extreme right point x; in the alternance contains either a zero of the polynomial
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(when R, (x;) = —1) or a zero of its derivative (when R, (x;) = 1). For even p we
have already found (n — p) + p = n distinct zeros of R, and for odd p we have
found (n — p) + (p — 1) = n — 1 distinct zeros of R),. Hence R, (x;) = (—1)” and
the distribution of zeros is as required in the lemma. O

1.5 Problems and Exercises

1.

hed

Find the value of the parameter (5) for the Chebyshev spline of type
[7,0; k4, k_] (see the definition in Sect. 1.1.5).

Answer. g = max(k+ — 1,0) + max(k_1,0).

. A Shabat polynomial is a polynomial with precisely two finite critical values;

for definiteness let these be 1. Find the extremality order g (defined by
(5)) of a Shabat polynomial P(x) from the topology of the associated graph
PH([=1, 1)).

Prove Lemma 1.1.

Prove the first theorem of V. A. Markov [102]:

A polynomial T(x) solves Problem A with one linear constraint
(p*IT(x)) = 1 if and only if the space (2) contains no polynomial P(x)
which (1) satisfies the homogeneous linear constraint (p*|P) = 0 and (2)
takes values of the same sign as T at all extremal points of T: P(x)/T(x) > 0,
x €extg(T).

. Let x; > x, > --+ > X, be the extremal points of a polynomial 7'(x) on a

closed interval E. Consider the Lagrange interpolation polynomials with these
m
nodes: @(x) := [](x — xy); &5(x) := D(x)/(x — x4). Prove the second

theorem of V. A. Niarlkov [102]:

A polynomial T(x) solves Problem A with one linear constraint
(p*|T(x))=1 if and only if (1) form < n + 1 and s=0,1,...,n — m,
(p*|x* q)(x)) 0, and (2) some quantities in the set (—1)*(p*|Ds) T (xy),
s = 1,...,m, are distinct from zero, but no two of them have distinct signs.

Hint. Assume that there exists a polynomial P (x) mentioned in the first Markov
theorem. Divide P(x) by @(x) with a remainder and expand the remainder in
the polynomials @, (x). Now bearing in mind that the sign of & (x;) is opposite
to the sign of (—1)® we can derive a contradiction with conditions (1) and (2).
Prove a theorem due to Carathéodory: let X be a subset of R”; then any point
in its convex hull is a convex combination of at most n + 1 points in X.

. Prove that the cone (1.4) associated with a polynomial 7'(x) has dimension

equal to m := #extg(T), provided that m <n + 1.

Hint. The values which functionals generating the cone take at the basis 1, x,

x2, x3 ... of the space of polynomials make up a Vandermonde matrix.
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. Give an example of a polynomial 7'(x) of degree n and a set E such that the

number m := #extg(7T) of extremal points is larger than n + 1. Show that
always m < 2n.

Let D be a divisor symmetric relative to the real axis such that D + n - co > 0.
Prove that, if its support is disjoint from compact subset E of the real axis,
then .Z(—D) is a Chebyshev space on E, that is, the number of zeros (with
multiplicities) on E of a polynomial P(x) € Z(—D) is at least one less that
the dimension of the space.

Prove properties (a—d) of order stars, which have been used in the proof of
Lemma 1.3.

Use Vieta’s formulae to prove that a real polynomial P(x) approximating the
exponential function at the origin x = 0 with order p (so that P(x) —exp(x) =
0(x?)) has at least [p/2] pairs of complex conjugate roots.

On the basis of Lemma 1.3 show that for odd p the optimal stability polynomial
has a similar graph to the classical Chebyshev polynomial of degree n — p 4 1.
What is the qualitative graph of the optimal stability polynomials for even p?



Chapter 2
Chebyshev Representation of Polynomials

Essentially, all the quantities in this (Abel-Pell)
equation are unknown, even the degree of the
polynomial. Nonetheless it is possible to solve it!

M. Sodin and P. Yuditskii [139]

Chebyshev and his students Zolotarév, the brothers V.A. and A.A. Markov,
Korkin, and Posse reduced extremal problems for polynomials to Pell’s equation,
a geometric interpretation of which is suggested in the following construction.

CONSTRUCTION ([37,40]). With an arbitrary polynomial P(x) we associate the
two-sheeted Riemann surface

2g+2
M= M(e) =] (x,w) e C:n? = l—[ (x —es)}, (2.1)
s=1
ramified over the points e := {es}fg'z at which the polynomial takes the values +1
with odd multiplicity (that is, these are simple values in the general case).

DiscussION. Here is a purely topological motivation for the construction [37,38];
the motivation related to Pell’s equation may be found in [26]. Polynomials P (x)
such that the great majority of the inverse images of the points 1 are simple critical
points can be constructed in accordance with the following pattern. Consider a cover
of the Riemann sphere ramified to the second order over the points =1; the simplest
example here is the Zhukovskii function o (#) := (u 4+ 1/u)/2. A composite map
factoring through such a covering has a property close to the required one: any point
in the inverse image of +£1 is critical, with even ramification order. To take account
of the points € C P~!(21) at which the value P(x) is taken with odd multiplicity,
consider a covering surface ramified to the second order over e: the simplest surface

of this kind is M (e) with the natural projection y(x,w) := x onto the Riemann
sphere:
A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 15

Springer Monographs in Mathematics, DOI 10.1007/978-3-642-25634-9_2,
© Springer-Verlag Berlin Heidelberg 2012
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(x,w) € M(e) L>(CIF"l Su

Yo, b

xece L. cp!
(2.2)
Any map P between the covering spaces satisfying the equivariance condition
P(x,—w) = 1/P(x,w) with respect to the deck transformations of the two covering
spaces induces a map P between the bases which has an odd ramification order
at the points in € C P~!(&£1) and an even order at the points in P~'(£1) \ e.
The converse result also holds: any map P between the base spaces of the diagram
(2.2) which is ramified to an even order over £1, except at the points in e, can be
lifted to an equivariant map of the covering spaces in the diagram (2.2). We see that
finding extremal polynomials P (x) is equivalent to finding equivariant functions
Is(x, w) on suitable hyperelliptic Riemann surfaces. As regards the questions on
the existence of such an equivariant function and its representation, they can be
answered in terms of the Riemann surface M, which is described by 2g essential
parameters. Thus we have considerably reduced the dimension of the problem (of

course, provided that 2g < deg P(x)).

Lemma 2.1. The genus of the curve associated with a polynomial P(x) is equal to
the extremality number g of P defined by formula (5).

Proof. A polynomial P of degree n has n — 1 critical points in C:

n—1= ZordP’(x) =g+ Z [%(ordP’(x) + 1)].

x:P(x)==%1

Now we calculate deg e, the number of odd-order zeros of the polynomial P?(x)—1.

1
— ’ _ - ’
2n = E (ord P'(x) + 1) = dege + E 2[2(ordP (x) + 1)],
x:P(x)==%1 x:P(x)==%1

which shows that dege = 2g + 2, that is, the genus of the hyperelliptic curve
M(e) is g. We have used two identities for integers: m = [5]+ [’"TH] and2[5] =m
(resp. m — 1) when m is even (resp. odd). O

Example 2.1. Let E be a closed interval and assume that the r constraints in
extremal Problem A define a Chebyshev subspace (L;")J-. Then the normalized solu-
tion P,(x):=T,(x)/||T,| g corresponds to a curve M of genus g < r — 1. Indeed,
the full inverse image P, !(%1) contains 27 points counted with multiplicities. At
least n —r points of even multiplicity from the inverse image lie in the interior of E.
At the 2g + 2 ramification points of M the value of P, has odd multiplicity, and
therefore 2n > 2(n —r) + 2g + 2.
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2.1 Real Hyperelliptic Curves

We recall several concepts of the geometry of real hyperelliptic curves [111].
A compact complex curve M, of genus g is said to be hyperelliptic if it admits
a conformal involution J with 2g + 2 fixed points. If g > 1, then such an involution
is unique (if it exists), while for g = 0, 1 there exist infinitely many involutions J.
A curve M, is said to be real if it admits an anticonformal involution J (a
reflection). Whatever the genus, there can exist several anticonformal involutions,
and therefore one must consider a pair (M., J). We now discuss the connections
between these transformations. If a curve M, admits a hyperelliptic involution J
and an anticonformal involution J, then these involutions commute for g>1 (j JJ
is another hyperelliptic involution). This is in general not so for g = 0, 1, but
we shall assume that JJ = JJ. The interchangeability of the involutions means
that J acts on CP' = M,/ J. The anticonformal involution of the Riemann sphere
interchanges the interior and the exterior of its isometric circle. The points on this
circle are either fixed (for instance, when Jx =1 /X) or are taken to the antipodal
points (for instance, when J x = —1/%). Hence the real hyperelliptic curves fall into
two classes: with orientable quotient M, /(J, J) (=a disc) and with non-orientable
one (=the projective plane). Throughout, we consider only the first class of curves,
but keep for them the general name of real hyperelliptic curves.

We lift the circle of J-fixed points from the sphere to the curve M,. On the curve
we obtain real ovals that are fixed by the J-action on M, and coreal ovals that are
fixed by J J. Assume that 2k ramification points (fixed points of the involution J),
k=0,1,...,g + 1, are fixed by the reflection J.If k > 0, then there exist on M,
precisely k real and k coreal ovals, and the projections of ovals in these two classes
alternate on the circle of J-fixed points on the Riemann sphere. The case k = 0
drops out of the general picture: for even g there exists only one oval, either real or
coreal, while for odd g there exist two ovals of the same name (Fig.2.1).

Real hyperelliptic curves have a convenient algebraic model (2.1) in which all
branch points e, are distinct and form the branch divisor e := {ey ?‘Sz symmetric
with respect to the real axis. In Fig. 2.2 we plot by bold lines the system of cuts A
on C \ e outside which the function w(x) has a single-valued branch. The curve
M (e) can be thought of as two sheets of C \ A glued crosswise along the cuts.
The compactification M, of the curve (2.1) is obtained by adding a pair of points at
infinity: co4 on the upper and co_ on the lower sheet. In this model the hyperelliptic
and the anticonformal involutions have the following form: J(x,w) = (x, —w);
J(x,w) := (¥, w). For such a choice of J the punctures co lie on a real oval and

Fig. 2.1 A real genus two
curve in C? with three real
ovals

‘Mirror = RP?
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the topological invariant k of the real curve M can be defined as the number of
coreal ovals on it.

2.1.1 The Homology Space and the Lattice L

There are two punctures oo+ on M, and therefore one must add to the usual 2g
independent 1-cycles the cycle encircling an (arbitrary) puncture. In the (2g + 1)-
dimensional real homology space H;(M;R) we obtain a natural action of the
anticonformal involution J, which decomposes the space into the sum of the
eigenspaces H li (M ; R) corresponding to the eigenvalues 1. The even 1-cycles C
satisfy the equality JC = C and form the subspace H 1+ (M ;R). The odd 1-cycles
C, defined by the condition JC = —C, give rise to the subspace H; (M ;R). We
present an example of g even and g + 1 odd cycles on M in the case k > 0 in
Fig.2.2a,b, respectively (the dashed line means that the contour lies on the lower
sheet). The sum Coo := €5 + € + G5 +--- + €, is homologous to the cycle
encircling a puncture of the curve at infinity and spans a distinguished 1-dimensional
subspace H>(M) of H(M). The first k — 1 even cycles C;*, C,", ..., C;" | and
the first k odd cycles C;, C|, ..., C,_, in the picture are canonically selected: they
are the sums of several real ovals of the curve and the coreal oval, respectively. For

E——EDED

¢ o
Fig. 2.2 The system of cuts
A in the plane and a basis in

the lattice (a) H;" (M. Z) (b)
H (M,Z)forg =4,k =3
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the remaining ¢ — k + 1 cycles in either system there is no natural way to select
them: we shall again come across this problem in what follows.

Lemma 2.2. For k > 0 the cycles CS+, s=1,...,6and C;,s =0,1,...,g
plotted in Fig. 2.2 form bases of the corresponding subspaces HljE (M, R) and of the
lattices HE(M,Z) := HE(M,R) N H{(M, 7).

Proof. Consider the relative homology space Hi (M., {co+ }; Z) formed by 1-chains
on the compact surface with boundaries at the punctures of M. We shall regard rel-
ative 1-cycles as functionals on H; (M ; R), integer-valued on the lattice H,(M ; Z).
The corresponding pairing is described by the intersection form [63, 151].

It is easy to find relative 1-cycles C’j such that C‘j oCy =65, j,s=0,....,g.
Any relative cycle of this kind C ; starts from oo and goes to a ramification point
along the upper sheet C \ A of the surface, after which it goes to co_ along the
lower sheet. As there exists a biorthogonal basis of functionals, the cycles C;, s =
0,...,g, are linearly independent in the Euclidean space H| (M,R). In a similar
way, the CS+, s =1,...,g,are linearly independent in H1+ (M,R). Since2g+1 <
dim H1+(M) +dim H; (M) = dim H;(M) = 2g + 1, these 1-cycles form bases
in the even and odd homology subspaces on the punctured curve, respectively.

Each odd integral cycle C ™ can be expanded with respect to the basis of the C,".
The coefficients of the expansions are integers C, 0 C~, and so this basis also is a
basis of the lattice H, (M, Z). For even cycles the argument is similar. O

The involution J reverses orientation, and therefore JCoJC = —Co(C’
for any cycles C, C’ in H;(M,R). If these cycles have the same parity, then their
intersection index is zero. Looking at Fig. 2.2 we readily calculate all the remaining
intersection indices.

Lemma 2.3. Only the following entries of the intersection matrix of the homology
basis introduced above are distinct from 0:

CroC =1, s=1,....k—1,
CroCy =2, s=k,....q
CroCy=-ClroC, s=1,....g (2.3)

For the investigation of the Chebyshev construction the sublattice Lj; of the
lattice of odd cycles that is generated by the elements 2C;,2C,,...,2C_;
C. Ck_+1, o, Cg_ is of importance. For k = 0 the lattices Ly and H, (M, Z)
coincide, while for k > 0 the lattice L) has the following “coordinate-free”

description.
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Lemma 2.4. Ifk > 0, then the following two lattices coincide with Ly :

(1) the projection of the lattice 2H (M, 7) onto the subspace H (M,R) along
H(M,R).

(2) the cycles in H{ (M, 7Z) which have even intersection indices with all compo-
nents of the real ovals on M (the punctures at infinity partition one of the real
ovals and it should be considered as a relative homology).

Proof. The projection of the space H(M,R) onto H; along H1+ has the form
C — %(C — JC). The assertions of the lemma can be verified on the generators of
the lattices. O

2.1.2 The Space of Differentials on the Curve

The meromorphic 1-forms & on M whose only possible singularities are simple
poles at infinity make up a complex linear space of dimension g + 1. This space
contains a unique meromorphic differential with fixed residue at infinity and fixed
g periods over the cycles in a basis of Hl‘|r (M) (orinabasis of H (M)/H(M)):
this follows from the Riemann bilinear relations [70] in view of what we know about
the intersection matrix of a homology basis (see Problems 13 and 15 at the end of
this chapter).

The anticonformal involution J of the curve also acts on the space of
differentials: £ — J&. Fixed points of this action are usually called [111] real
differentials. In the algebraic model (2.1), real 1-forms with simple poles at infinity
have the representation § = P, (x)w™!dx with real polynomial P, (x) of degree g.
Integration of real differentials over even cycles yields real quantities and integration
over odd cycles yields purely imaginary quantities. The period map I1(§) assigns
to each real differential £ an element of the real cohomology group H'(M,R) of
the curve M:

<n<s)|c++c—>:=/ s—i [ & ctemram. (4
c+ Cc—

2.1.3 A Distinguished Form ny; on the Curve

There exists on M a unique 1-form 7, with purely imaginary periods, simple poles
at infinity and residues F1 at co4:

! dx
= (xg + qu“‘)v. 2.5)

s=0

The distinguished differential 7, also satisfies another normalization.
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Lemma 2.5. The differential (2.5) associated with the real curve M is real, and so
it has zero periods over all the even cycles.

Proof. We shall verify that 1, is a real differential: the meromorphic differential
Jijy has residues F1 at the points oot and purely imaginary periods. By the
uniqueness of the differential so normalized we obtain Jijy = ny. Each real
differential has real periods over even 1-cycles, but the distinguished differential
nu has purely imaginary periods, and so they are equal to zero. O

2.2 Polynomials and Curves

The following result describes the range of the Chebyshev map taking polynomials
to curves as well as the inverse map.

Theorem 2.1. The construction described at the beginning of the chapter estab-
lishes a one-to-one correspondence between real polynomials P,(x) of degree n,
considered up to the sign, and real hyperelliptic curves M for which the period
map of the differential form ny associated with the curve vields a 4wn~'Z-valued
functional on the lattice Ly :

— i/ nm €4nn~'Z, C~ € Ly. (2.6)

A polynomial can be recovered from the associated curve M by the formula

(x,w)
P,(x) = P,(ey) cos(ni/ nM), 2.7
(

(] ,0)

where the result is independent of the integration path on M, of the choice between
the two possible values of w(x), and of the branch pointes, s = 1,...,2g 42, taken
for the initial point of integration.

Proof. A. The correspondence P, — M. If a curve M of the form (2.1) corre-

sponds to a polynomial P, (x) of degree n, then Pell’s equation with polynomial
2g+2
coefficient D(x) := [] (x — e;5) = w?(x) is fulfilled:

s=1

Px) — 1= w'(x) Q7 (),

where Q,_,—(x) is a real polynomial. We consider the meromorphic Akhiezer
function P(x,w) := P,(x)+/P>(x) =1 = P,(x)+wQ,_,—1(x) onthe curve
M_.. It intertwines the actions of the deck transformation groups of the coverings

x and o in the diagram (2.2): P(x,—w) = P,(x) — wQp—g—1(x) = m.
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This function has a pole of order n at ooy, and therefore it has a zero of the
same order at oco_, and its divisor contains only these two points.
We claim that the meromorphic differential

_1dP

n'nP

is equal to the distinguished differential 7, on the curve. Indeed, the only
singularities of n are simple poles at infinity with residues 4=1. All the periods
of n are purely imaginary because for closed contours C on M we have

- 2mi
/ n=n"logP(x,w)| € ﬂZ.
C C n

Let us calculate the period of the distinguished form 7y over the cycle C in
the lattice L. When k > 0, it follows from Lemma 2.4 that C = B — J B for
some integral cycle B. Hence

2. = 4ri
/ v = 2/ nu = —log(P(x,w))[p € —Z.
C B n n

For k = 0 our argument is different: any basic odd cycle C is represented as
B —JB witha I-chain B = —J B, a symmetric arc with end-points at conjugate
branch points e and e. Now,

2 ~ di
/ M = 2/ m = 2 log(Pe.w)s € Tz
C B n n

since P(e,0)=P,(e)= + 1= P,(¢)= P(¢,0). We have shown that the
inclusion (2.6) holds once the curve M stems from a real polynomial.
Inversion formula (2.7) follows from the equalities

(P(x,w) + P(x,—w))
2

B (x,w) (x.w)
= cos ilogP(es,O)—i—ni/ v | = Pn(es)cos(ni/ nM).
(e5.0) (e5.0)

The correspondence M — P,. If the curve M satisfies the assumptions of
the theorem, then the functional IT(n,s) is 2T”Z-Valued at all the integral
l-cycles. For if C € H{(M,Z), then C — JC €Ly and (I1(ny)|C) =
U (u)lc - JC) e 2.

For P, (es;) = £1 the right-hand side of (2.7) defines a meromorphic function
on M., which is stable under the involution J and has poles of order n at the

P,(x) = = cos(i log P (x,w))
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points at infinity. Hence P, is a polynomial of degree n in x, and it is real
because

(e5.,0) (x,w)
P(%) = Paley)cosni / e + / mr
(e5,0) (e5.0)

*) (e
= Pn(es)cosni/ = Pp(x).
(

(e5,0)

(In the transition () we use the inclusion f(euo) nm € %Z and the fact that
is a real differential.) It is easy to verify that P,(x) takes values +1 with odd
multiplicity at the branch points of the curve M and only at these points.

O

REMARKS. 1. The reader can find various versions of Theorem 2.1 in [37, 40,

2.

128,139], and [115].

Associated with complex (extremal) polynomials P,(x) are complex curves
M, which are characterized by a simpler condition: fc num € %Z for each
integral cycle C on the curve. On a real curve M half these conditions hold
automatically because the distinguished differential 7, is real and fc ny =0
for each even cycle C (see Lemma 2.5).

This theorem presents the following necessary and sufficient condition for the
solvability of Pell’s equation with complex polynomial coefficient D(x): all
the periods of the differential 0y /(27i) (associated with the curve M defined
by the coefficient D(x)) must be rational. When this condition is satisfied, all
the solutions of Pell’s equation are represented as follows:

P,(x) = £ cos(ni f((;()y;) M),
On—g—1(x) = £iw ! (x) sin(ni f((;ov;) nm)s

where the products of the degree n and all the above rational periods are
integers (there are only 2g independent periods in the complex case and g
periods in the real case). The method of the proof of the theorem goes back to
Abel’s famous paper [2].

A purely algebraic approach to the polynomial Pell equation, which is in fact
based on the expansion of the function /D(x) in a continued fraction, was
presented in [99] and [140]. If the degree n of the solution is large, then this
approach cannot be implemented in practice due to computational instability.
A generalization of Chebyshev’s construction can be used for representing
rational functions the majority of whose critical points are simple with the
corresponding values belonging to a fixed four-point set [26]. The generalized
construction, as well as the one under consideration here, is closely related to
the Weierstrass-Poincaré reduction theory of abelian integrals [19, 82].
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2.2.1 The Stability of the Chebyshev Representation

In calculations with finite accuracy we obtain curves M which only approximately
satisfy Abel’s equations (11). Can we use the Chebyshev representation (2.7) in
this case? In the special case of Chebyshev polynomials for several intervals the
stability of the representation was demonstrated in [37]. The method and result
of that paper can be extended to the general case. We can also give a numerical
proof: in calculations with an accuracy of 10713 we can fulfil Abel’s equations
with an accuracy of 1072, Then in the case of degree n = 50, for a suitable choice
of interpolation nodes, the function (2.7) coincides with its Lagrange interpolation
polynomial to within 107'%; however, this accuracy drops as 7 increases.

For generic curves M (e) the function (2.7) is single-valued only when considered
on the universal cover of the curve. After the projection onto the x-plane it will be a
multivalued analytic function with (locally second-order) branch points at points in
the divisor e. In a small neighbourhood of a fixed pair consisting of a divisor €* > 1
and a point x° outside this divisor we can locally define the function

(x,w)
P,(e, x) = cos(ni / 77M) (2.8)
(

1.0)

(the differential 7, depends on the divisor e > 1). In Chap.5 we show that the
coefficients of the differential associated with the curve M (e) depend analytically
on the variable points of the branch divisor. Hence the function P, (e, x) depends
analytically on all of its arguments. If the point x° lies in €°, then the function
(2.8) in a neighbourhood of the pair (e’, x°) is two-valued and ramified along the
variety {x = e € e}. The differential of P, (e, x) has a singularity of the type of
(x — e)~V/2(dx — de) on this variety. However, if the curve M (e°) satisfies Abel’s
equations, then the singularity vanishes, the function is smooth at (xo, eo), and the
coefficients of the differential d P, have order O(n?) at this point.

The arguments for the stability of the Chebyshev representation presented in the
previous paragraph cannot be considered rigorous unless we have defined the space
of branch divisors e. This is the subject of the next chapter.

2.3 Problems and Exercises

1. Show that the set e in formula (2.1) assigned to an arbitrary polynomial P (x)
contains an even number of points.

2. What is the smallest possible number of sheets of a cover ramified to the second
order over each point in some prescribed subset of the Riemann sphere?

Answer. Two or four, depending on the parity of the number of branch points.
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. Prove that there can exist at most one hyperelliptic involution J of a compact

curve M of genus g > 1.

Solution. Let J;, J; be two involutions, each having 2g + 2 fixed points. By the
Riemann-Hurwitz formula the quotient M/ J; is a sphere. The corresponding
projection is realized by a second-degree function x in C(M ), which can be
taken to have its poles outside the fixed point set of J,. The function x — xJ,
has at least 2g + 2 zeros, but at most four poles, and therefore x = xJ,. Hence
Ji = Ja.

List all the hyperelliptic involutions J of a sphere and a torus.

. Give an example of a Riemann surface admitting several reflections (anticon-

formal involutions) J .

What is the general form of a reflection J of the Riemann sphere? Write the
equation of the isometric circle of the reflection. Does it always exist? Does a
reflection always have fixed points?

Show that the number of ramification points of a real hyperelliptic curve which
are fixed by a reflection J is even.

Produce an explicit basis in the lattice of even 1-cycles on the curve M for
k = 0. See [26].

. Show that the values of the integrals of a real differential over a cycle C and

its reflection JC on the curve M are conjugate. Make a conclusion that the
integral of the distinguished differential 1,, over an even cycle vanishes.

Show that the hyperelliptic involution J acts on the 1-homology of a curve
simply by changing the sign of each cycle.

Let M be a surface admitting a conformal involution with exactly / fixed points
(I = 2g + 2 in the hyperelliptic case). The homology space H;(M,R) =~ R?¢
splits naturally into the sum of the subspaces H li (M, R) formed by the even
(C = JC)and odd (C = —JC) cycles. Find the dimensions of the subspaces
of even/odd 1-cycles.

Consider an arbitrary basis Cy, C», ..., Cy, of the lattice of integer cycles on
a compact curve M of genus g. Prove the following Riemann bilinear relations
for any smooth closed 1-forms n and & on M :

2g
=- S F, , 2.9
/MME > ,/an/cjé (2.9)

j.s=1

where the matrix (Fy;) is the inverse of the intersection matrix (C, o C;).

Solution. Consider the closed 1-forms ¢, which are the Poincaré duals of the
Cs.Then [ §; = Cj o Cy = [}, {; A ;. We expand the form & in the basis of

2g
¢s with coefficients a; := — Y F; fc,- £. Then
j=1
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2g 2g
ﬂz&é:: a /n n=-— F,u/ UJ/ S.
-Z; ;é; ’ Cy 2%;1 Y Cy Cj

Let n be a holomorphic form on a compact curve M of genus g. Show that its
norm can be expressed as follows it terms of its periods:

2g —_—
05|In|I2:=i/nAﬁ=—i F/n/ o (210)
M Z Y ¢ Je

jws=1

where (Fj;) is the same matrix as in the previous problem.

Consider a (non-canonical) basis of 2g integral cycles on a compact curve
of genus g. Which g of these cycles can be used for a normalization of a
meromorphic differential with fixed principal parts at the singularities?

Solution. Adding a holomorphic differential to a meromorphic we do not
affect the principal parts at singular points, but change periods. To normalize
a meromorphic differential we prescribe its periods along g selected cycles
Ci,Cy,...,Cq. Such a normalization is well-defined if and only if each
holomorphic differential n with zero periods along the g selected cycles is
trivial. We can see from (2.10) that for a well-defined normalization it is
sufficient that Fy; = Ofors, j = g+1,...,2g. These equalities are equivalent
to the condition that the intersection form is trivial on the cycles Cy, ..., C,. In
other words Cy, Cs, ..., C, span a Lagrangian subspace of the homology space.
Let n be a holomorphic form on a real hyperelliptic curve. Show that the
following conditions are equivalent:

(@ n=0.

(b) 7 has zero periods over all even cycles.
(c) nhas zero periods over all odd cycles.
(d) All the periods of 1 are real.

(e) All the periods of 7 are purely imaginary.

Show that on a Riemann surface of genus g a meromorphic differential with
fixed principal parts at the singularities can be normalized in one of the
following ways:

(a) Prescribing the periods over the g even cycles.
(b) Prescribing the periods over the g odd cycles.

(c) Prescribing the real parts of 2g periods.

(d) Prescribing the imaginary parts of 2g periods.

Show that if Pell’s equation with a polynomial coefficient is solvable, then it has
a unique (up to a sign) solution P,(x) of the lowest positive degree n. All the
other solutions can be obtained by superpositions with the classical Chebyshev
polynomial: Py, (x) = £T,,(P,(x)).
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Show that the set of solutions (P, Q) of a given Pell equation P(x)> —
DQ(x)? = 1 admits the group structure with operation (P;, Q1) * (Pa, Q1) =
(PP, + DQ1Q3, P1Q> + P,Q)) and the identity element (1,0). Show that
this group is isomorphic to Z.

Hint. Use the Akhiezer function.

State and prove a complex version of Theorem 2.1 (see the remark after the
theorem).

Investigate the stability of the Chebyshev representation.



Chapter 3
Representations for the Moduli Space

We have already seen that to investige properties of the Chebyshev representation
and, in particular, of Abel’s equations we must consider the space of real hyperel-
liptic curves. For a fixed genus g this space consists of several components, which
are distinguished by another topological invariant of a real curve, the number k
of (co)real ovals on it. We shall denote these components by %”gk. Most of them
are not simply connected, and so it will be more convenient to go over to their
universal covers z%;;,k. Looking at the subject under consideration from different
standpoints is always useful, and so we present four definitions of this space and
prove their equivalence. The standard approach is to define jii,k as the space of
branch divisors e of prescribed type, considered together with the history of their
motion from a distinguished divisor e’. Viewing a divisor as moving in a viscous
medium and carrying particles of the medium with it, we arrive at the Teichmiiller
space ¢7gk of a punctured disc with several marked boundary points. This is a flexible
tool, which establishes connections between different points of view on our subject.
The deformation spaces %é‘ of special Kleinain groups provide global systems of
coordinates in the space under consideration and enable an effective construction of
analytic objects. Using the labyrinth spaces Z;, the most easily visualizable ones,

in Chap. 5 we shall calculate the image of the period map on %;;,k , which is defined
by the left-hand sides of Abel’s equations.

3.1 Four Definitions

We fix the topological invariants of a real curve (2.1): its genus g = 0,1,2,... and
the number k = 1,2,...,g + 1 of coreal ovals on it. The case k = 0 is special
in certain respects; it was considered in detail in [40,41], and [42]; however, it is
not interesting for optimization and we leave it out in this chapter. A symmetric
divisor e of type (g, k) is an unordered set of distinct points ey, . .., s, 1> including
2k real points and (g — k + 1) pairs of complex conjugate ones. The group Qlfr

A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 29
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-25634-9_3,
© Springer-Verlag Berlin Heidelberg 2012
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of orientation—preserving affine motions of the real axis acts freely on such sets:
e = {e,)1? - Ae+ B = {Ae, + B}51?, A > 0, B € R. We shall call the
orbits of this action the moduli space %’;,k . Each orbit contains a unique normalized
divisor in which the two extreme left real points are equal to —1 and +1.

Points in the moduli space correspond to conformal classes of real hyperelliptic
curves (2.1) with fixed invariants g and k and a distinguished point coy on the
oriented real oval. The space %‘;,k has the natural structure of a real 2g—manifold.
In a neighbourhood of a marked normalized divisor €” we set the local coordinates
of adivisore := {—1,1,ey,..., e} to be equal to the values of the variables Re e
and Im e, for points e, in the open upper half—plane H, and the values of the Re e;
for real points e;, s = 1,2,...,2g.

The space of classes of homotopy equivalent paths in %‘gf‘ going out of the
marked point € in the moduli space is called the universal covering space %;fgk.
It has three representations, which we describe below.

3.1.1 The Teichmiiller Space

Consider the quasiconformal [3] homeomorphisms of the upper half—plane H which
fix the boundary points —1, +1, and co. They form a group QC with respect to
composition. Each f € QC can be extended to a quasiconformal homeomorphism
of C by a reflection in the real axis. The motions f stabilizing a fixed normalized
branch divisor e’ (but maybe rearranging points in it) make up a subgroup QC(e’).
The motions f that can be joined to the identity map id by a homotopy of
the punctured sphere CP' \ e° stabilizing infinity make up a normal subgroup
QC%e%) ¢ QC(e°). It acts on QC by right multiplication. The orbit space of
this action .7} (e):= QC/QC"(e°) is called the Teichmiiller space.! By definition
the Teichmiiller distance between classes [f], [h] € ygk (€°) is the minimum of
the logarithms of the dilatations of the quasiconformal maps flhl_1 over all the
representatives f; € [f]and h; € [A].

The modular group Mod(e®) := QC(e®)/QC’ (e”) acts on the Teichmiiller space
by right multiplication and the corresponding automorphisms are isometries. The
choice of a distinguished divisor € is not essential for the definition of the
Teichmiiller space: a motion &7 € QC gives rise to an isometry of Z’,k (€%)

and .7} (he") by the formula f — fh~'. Obviously, QC(he’) =hQC(e’)h ™!
and QC°(he®) = hQC"(e)h !, and therefore the modular groups Mod(e”) and
Mod(he®) are isomorphic and the above isometry 9gk ) — ﬂgk (he®) is equiv-
ariant with respect to the actions of these modular groups on the two spaces.

I'This is a modification of the standard definition [66] of the Techmiiller space of a disc with
g — k 4+ 1 punctures and 2k 4 1 marked boundary points which is convenient for our aims.
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Fig. 3.1 The circles
C,Cy, ..., C, for g =4,

Assigning to a motion f € QC the branch divisor e := f(e”) we obtain a projec-
tion of the Teichmiiller space onto the moduli space. The fibres of this projection
are orbits of the modular group. We shall demonstrate that this projection coincides
with the universal covering.

3.1.2 The Deformation Space of a Kleinian Group

By the deformation space %gk we mean the set of ordered tuples g := {G,}5_,
of second—order linear fractional rotations of the real sphere with real fixed points
¢s £ ry for s < k or with complex conjugate fixed points ¢, £ ir, fors > k:

—u, s =0,
Gsu = Gy(u) := cs+rb,2/(u—cs), s=1,...,k—1, (3.1
cs—rsz/(u—cs), s=k,..., g

The real parameters ¢y and ry > 0 (moduli) are selected so that the following
geometric condition holds: there exist g disjoint subintervals of (0, 1) numbered
in increasing order such that the circles Cy,Cs,...,C, with diameters on these
intervals pass through the fixed points of the corresponding motions G, G»,...,G,
(see Fig. 3.1).

If this condition is fulfilled, then the y-axis Cy=iR and the circles
Ci,C,,...,C, bound the fundamental domain R(g) of the Kleinian group &
generated by the rotations Go, Gi, ..., Gg. By Klein’s combination theorem [89]
the group & is the free product of (g + 1) second-rank groups. The hyperbolic
motions {S; := Gy Go}f=l generate a Schottky group G, |® : S| = 2. These two
groups have a common domain of discontinuity 2 and a common limit set, which
lies on the real axis. The limit set has linear measure zero since the group & satisfies
the following Schottky criterion [132]: the fundamental domain & (the exterior of
the 2g circles —Cy,, ..., —Cy; Cy, ..., Cg) can be partitioned into triply connected
domains (pants) by several additional circles. This is crucial for our aims because
the Poincaré theta series of & will converge absolutely and uniformly on compact
subsets of &, the domain of discontinuity of the group.
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The orbit manifold of the group & is the Riemann sphere with natural reflection
Ju := . The quotient manifold /& is a compact algebraic curve M, of genus
g, with the hyperelliptic involution Ju := Gou and anticonformal involution J.
The point u = 1 will play the role of the distinguished point co; on the real
oval of M,.. We say that a holomorphic projection x(u): 2 — 2/& = CP' is
normalized if it takes the three pointsu =0, u=1,andu = oo to x =1, x = 00, and
x = — 1, respectively. Such a ramified covering x («) respects complex conjugation.
Assigning to the Kleinian group the branch points of x(u) (the projections onto
2/® of the fixed points of the rotations {G,}*_;) we define a map from the
deformation space g&f into the moduli space jii,k. In Sect. 3.3.2 we show that this is
the universal covering, and the deck transformation group acts on the deformation
space by preserving the Kleinain group ® but changing its system of generators.

3.1.3 The Labyrinth Space

By a labyrinth attached to a divisor e of type (g, k) we shall mean a system A =
(Ao, Ay, ..., Ag) of disjoint simple smooth arcs connecting points in the divisor
pairwise (see Fig.3.2). The first k arcs in a labyrinth are canonically defined as the
intervals on the real axis linking pairwise the real points in the divisor e. As regards
defining the other (g — k + 1) arcs, there we have a certain freedom. These arcs
connect complex conjugate points in e, are invariant under the reflection in R and
circumvent the first group of arcs from the right. The intersections with the real axis
define a natural ordering of the system of cuts. Two labyrinths A and A’ attached to
the same divisor e are viewed as equivalent if they can be connected by a continuous
deformation such that at each instant the deformed paths form a labyrinth attached
to the same divisor e. We call the set of labyrinths attached to normalized divisors
in the moduli space %i,k and treated modulo this equivalence relation the labyrinth
space Z; .

The modular group also acts on the labyrinth space. A smooth representative
f € Mod(e®) (which exists in each Teichmiiller class [4,66]) takes a labyrinth A
attached to €° to the labyrinth fA (see Fig.3.3). Orbits of this action are fibres of
the natural projection ,2”; — z%’;,k assigning to a labyrinth A its boundary points
e:=0A.

DiscussioN. The idea behind the introduction of labyrinths attached to a divisor
e is as follows: the punctured half—plane H \ e cut along the arcs of a labyrinth is a

-

Ao Ay A A Ag

Fig. 3.2 The half—plane H
cut along a labyrinth A



3.2 Auxiliary Results 33

Fig. 3.3 Dehn half-twists
Bi..... Bg—k as deck
transformations of the
labyrinth space ft;k

simply—connected set. On the one hand this construction fixes generators of the free
group 1 (H \ e) (see Sect. 3.2.4) and on the other it allows us to follow the dynamics
of the punctures. Whether the arcs in a labyrinth are smooth is not very important
for us. For instance, we could assume in the spirit of [159] that the A, are polygonal
lines (with finitely many segments) and consider admissible deformations consisting
of replacements of a pair of adjacent segments by a single link, provided that the
(maybe degenerate) open triangle bounded by the three segments is disjoint from
the labyrinth. This piecewise linear approach is more rigorous, but requires plenty of
details, which eventually complicates grasping the relations between the spaces we
have introduced. To avoid cumbersome details we shall not give rigorous definitions
of a smooth arc and deformation of a smooth arc. Driven by the “uncertainty
relation”? for the rigour and the transparency of presentation we embrace here the
more intuitive approach of theoretical physicists.

3.2 Auxiliary Results

The proof of the equivalence of the four spaces %;g,k , fgk, ggk , and .,iﬂéf‘ introduced
above is based on their properties to be established in this section.

3.2.1 The Fundamental Group of the Moduli Space

Lemma 3.1. The fundamental group of the moduli space f%@k , k > 0, is isomorphic
10 Brg_j 41, the Artin braid group on (g — k + 1) strands.

Proof. A symmetric divisor is completely determined by its parts in the upper half-
plane (g — k + 1 points) and on the real axis (2k points). Hence the space of
normalized divisors is the Cartesian product of the quotient of the space HE K +1 \
{the diagonals} by rearrangements of the coordinate variables and a (2k — 2)—cell.
The fundamental group of this space is precisely the braid group Bry,_41 [21]
(Fig.3.4). O

Niels Bohr used uncertainty principle in fields far from quantum mechanics. When asked what is
the complementary quantity to “Truth”, he replied: “Clarity”.
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Fig. 3.4 A loop in the
moduli space Ji’;,k is a braid
on g — k 4+ 1 strands over the
upper half—plane
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~
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3.2.2 The Moduli Space: Orbits of the Group Mod

The following result is the first step in establishing connections between different
spaces.

Lemma 3.2. The spaces %k (€°)/ Mod(e®) and <%’;,k are homeomorphic.

Proof. We assign to a map f € QC the symmetric normalized divisor fe°. This
defines an injective map from the orbit set of the modular group action on
the Teichmiiller space into the moduli space. We shall show that this map is
(A) continuous in the natural topology and (B) has a continuous inverse in the
entire moduli space. This will prove that the two spaces are homeomorphic:

(A) Recall that the topology of the moduli space %’;,k is determined by local
systems of coordinates, with variables equal to the independent real and
imaginary parts of the points in the normalized divisore := {ey, ..., ey, —1,1}
distinct from 1. In the orbit space of the modular group ﬂgk (€”)/ Mod(e’) =
QC/QC(e") we introduce the Teichmiiller metric:

(/1T = inf log 1) o

i 3.2
Ui T =)o G-

where the infimum is taken over the representatives f; € [f] and h; € [h]
of the classes; ju(x) is the Beltrami coefficient of the map fih7!; the norm
|lit(x)|loo s the essential supremum of p(x) in the plane. We can verify that
the embedding 7 (¢”)/ Mod(e”) — # defined above is continuous in a
neighbourhood of the class of the identity map [id]. There exists a formula
for the “principal part” of a quasiconformal map f(x) with a small Beltrami
coefficient ;(x) and fixed points =1 and oo [3, 4, 66, 89]:
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e?—1ldxndx )
-1 o TOUkls). e€C. (3

fle)—e = @iy /C ()

where the remainder term has a uniform estimate on compact subsets of the
plane. It is clear from (3.3) that classes [f] close to [id] in the Teichmiiller
metric only slightly deform the divisor €°. Now the continuity in a neighbour-
hood of an arbitrary points [A] can be obtained by replacing the distinguished
divisor €’: if a class [ f] is close to [4] in the moduli space QC/QC(e"), then
the distance between the class [f4~!] and [id] in the space QC/QC(he) is
the same. By the above, the divisor fh~'he’ = fe° is a slight perturbation
of he’.

(B) Leto(x) be an infinitely smooth cutoff function of the complex variable x with
support small in comparison with the distance between the points in e°, equal
to 1 in a neighbourhood of x = 0, and conjugation—invariant: o (¥) = o (x). In
a small neighbourhood of the distinguished point €” in the moduli space we
define a map %’g‘ — QC:

2g
f(e,x) :=x+ Z(ES — e?)(f(x — eg), e~e xeC. (3.4)

s=1

The map (3.4) is a local inversion of our embedding QC/QC(e’) — %k
and it is continuous. Similar sections can be constructed in a neighbourhood
of each point in the moduli space. Taking composite maps we define a
continuous inverse ji’;,k — ﬂgk (€”)/ Mod(e”) in a neighbourhood of an
arbitrary prescribed point. O

3.2.3 The Topology of the Deformation Space

The moduli ¢y and ry > 0,5 = 1,..., g, form a global system of coordinates in the
deformation space ggk , k > 0, and allow us to identify the latter with a domain of
R28,

Lemma 3.3. The space 54; is the cell described by the system of inequalities
ry >0, s=1,2,...,8; 3.5)
Cs—1 + 1y < Cg—Fy, s=1,....k—1, 3.6)
where we set ¢y + ro := 0,
Ck—1 + rk—1 < Gi(Cr—1 +1k—1) <Gr41Gr (-1 + re—1)

< G426k +1Gr (k-1 +1-1) <+ <GgGyy ... Gr1Gr(ck—1 +1r—1) <1.
3.7)

Proof. The degree—two rotation G, s = 1,...,k — 1, of the Riemann sphere has
real fixed points and therefore the corresponding circle Cy is uniquely defined. On
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Fig. 3.5 The limiting
position of the circles for
g=4andk =3

the other hand one can move the real diameter of the remaining circles C; for
s = k,...,g. We shift all the “movable” diameters to the extreme left position
(see Fig.3.5). The system of inequalities (3.6), (3.7) describes the ordering in the
interval (0, 1) of the end-points of the resulting diameters. The arising arrangement
of diameters can uniquely be recovered from their end-points, which range over the
cell {0 <uy <wup <- <ugyr—1 < 1} of dimension g + k — 1. The direction from
the mid—point of the sth shifted diameter to the fixed point ¢; + ir, of the rotation

G, fors = k,..., g, gives us a point in another cell, (0, n)g_k+1. Thus we have
constructed a map of the space %é‘ onto a cell of dimension 2g, which is continuous
and one-to-one. O

3.2.4 The Subgroup Induced by the Ramified Covering x (u)

Each labyrinth A attached to a divisor e defines a representation x4 of the
fundamental group of the punctured sphere 77; (CP' \ e, c0) into an abstract group &>
which is equal to the free product of (g + 1) rank—two groups with generators
Go,Gi,...,G,. To a loop p starting at infinity and intersecting transversally (in
arbitrary direction) the cuts Ay, Ay,,..., A one after another, we assign an
element of this group:

xalp] := G5, Gy, ... Gy,

With a point g := {Gs}f=0 in the deformation space we associate the labyrinth
A = (xCo,xCy,...,xCy), the normalized projection of the boundary of the
fundamental domain R(g). The kernel of the corresponding representation y, is
the subgroup of 7;(CP' \ e, co) induced* by covering x(u) ramified over e :=
{x(fix Gs)}f=0- The subgroup induced by a covering can be proved to be completely
determined by the branch divisor e.

Lemma 3.4. The kernel of the representation x,: m (CP' \ e,0c0) — & is
independent of the labyrinth A attached to the divisor e

3For instance, realized by the Kleinian group in Sect. 3.1.2, so we use the same notation as there.
4Let Pr : X — Y be a covering map respecting the marked points of fundamental groups of
spaces X, Y. The subgroup Prm(X,*) C m(Y,*) is known as the subgroup induced by the
covering P r; it is isomorphic to m; (X, *) [67]
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Fig. 3.6 Modifying the labyrinth A for g = 4 and k = 2

Proof. We shall show that ker y 4 is equal to the normal subgroup of 77; (CP' \ e, o0)
generated by all elements of the following two kinds: (a) a lasso making two rounds
about the punctures and (b) a loop A with mirror symmetry [AA] = 1 that is disjoint
from the cuts Ag, Ay, ..., Ax—;. The above—described subgroup is independent
of the choice of the labyrinth since the first k arcs in the labyrinth are canonically
defined. We can readily verify that this subgroup lies in the kernel of y 4. Now we
demonstrate the reverse inclusion.

A cell decomposition of the Riemann sphere with (2g + 2) vertices e, (2g + 1)
oriented edges R, and one 2—cell gives us a system of free generators of the group
71 (CP! \ e): we associate with each edge R the class of the loop p intersecting
only this edge from left to right. Such a cell decomposition can be constructed by
deforming the labyrinth A. The intervals As, s = 0,...,k — 1, give us k edges R,
and the lacunae between them give a further (k — 1) edges. The lacking 2(g—k + 1)
edges can be obtained by modifying the remaining arcs of the labyrinth Ay, s =
k,...,g: we contract the intersection points R N A to the rightmost puncture on
the real axis (see Fig. 3.6).

On generators related to the edges R the representation y 4 acts as follows:

G, if R is a (modified) cut Ay,

xalpl =
4 1 if R is alacuna.

Since & is the free product of groups of rank 2, the kernel y, is the normal
subgroup generated by all possible elements [A], [o]?, [0/], where the [A] correspond
to the (k — 1) lacunae and the [p] correspond to the other (2g — k + 2) edges R.
An immediate verification shows that all these elements generating ker y 4 belong
to the normal subgroup described above. O

Naturally embedded in the fundamental group of the punctured sphere is the
group of the punctured upper half—plane ; (H \ e, 00). As in Lemma 3.4, the cuts in
the labyrinth present a system of free generators coding the elements of this group:
a loop p in the upper halfplane intersecting transversally the cuts Ay, , Ay, , ..., Ay
one after another can be factored down to the generators A, s = k, ..., g, which
intersect only the corresponding cuts A from left to right:
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(o] = [As " A ] . [Ag]7, (3.8)

where ¢; = £1 depending on the orientation of the local intersection of p with the
cut Ay X

Lemma 3.5. Let p C H \ e be a loop without self-intersections and with initial
point at 0o. Then the irreducible factorization of [p] in the generators (3.8) contains
no equal letters following one another.

Proof. This depends only on the homotopy class of the loop p, therefore we shall
assume without loss of generality that p intersects the A; transversally and at
finitely many points. Making finitely many transformations of the type presented
in Fig.3.7 we replace p by a homotopic loop without self—intersections which
has an irreducible factorization (3.8). If this representation contains two successive
symbols [A;], then we are in the situation of Fig. 3.8 up to orientation. A point going
along p must return to infinity, but it cannot leave the shaded domain bounded by
the loop itself and a piece of the cut A;: otherwise the loop intersects itself or its
factorization is reducible. O

3.2.5 The Modular Group Action on the Group &

Motions f € QC(e) act in a natural way on the fundamental group of the punctured
sphere CP' \ e, and the result of the action of f depends only on its homotopy class.
The characterization of the normal subgroup ker y4 C 7;(CP' \ e, c0) used in the
proof of Lemma 3.4 demonstrates that it is stable with respect to this action. For
instance, for a smooth representative f of the homotopy class we have f -ker y4 =

Fig. 3.7 A deformation of
the loop p resulting in
simplification of the
factorization (3.8)

l
ol

Fig. 3.8 An infinite spiral p
and a generator Ag
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ker y ro = ker y 4. We see that there is a well-defined action of the modular group
Mod(e) := QC(e)/QC’(e) on the quotient group 7;(CP' \ e, o0)/ker y4. The
latter can be identified with the abstract group &, which is a free product of g + 1
groups of rank 2. The following result shows that the representation of Mod(e) into
the automorphism group of & is faithful.

Theorem 3.1. The action of f € QC(e) on the group & is trivial if and only if
[ €0C%e).

Proof. Assume that f acts trivially on the group &. We claim that the action of f
on the fundamental group 7;(CP' \ e, 00) is also trivial. The fundamental group
of the punctured sphere is generated by three classes of loops. These are loops in
the punctured upper and lower half—planes and also loops in a sufficiently narrow
punctured neighbourhood of the real axis. The action of f on the last class is trivial
because it preserves the real axis. Its actions on loops in the first two classes agree
in view of the mirror symmetry f(xX) = f(x). We shall therefore analyse the action
of f on the fundamental group 7z, (H \ e, c0).

Each generator [A;] of the fundamental group of the punctured half-plane
produced by a labyrinth contains a loop A, without self-intersections; its image
fAg is also a simple loop. By Lemma 3.5 the uncancellable factorization of the
latter loop into generators

[fAs] = Al A - Ay ] ge = E1,

contains no letters with repeating lower index s.. Trivial action of f on the group
& takes us to the identity

xalfAs] == Gy, G, ... Gy, = Gy = K alAs]

in a free product of rank 2 groups. This can only occur in two cases, when [ fA;] =
[As] and when [ fA,] = [A,]7". The second case is impossible because f respects
the orientation.

Having established that the action of f on the fundamental group of the
punctured Riemann sphere is trivial, we use a constructior} due to Ahlfors [3, 66].
Let H — CP'\e be the universal covering. Consider a lift / : H — H of f onto the
covering spaces that fixes a preimage of the point co € CP' \ e. This lift commutes
with deck transformations of the universal covering because the action of f on the
fundamental group of the base is trivial. Let f';(u) be the point partitioning the non-
Euclidean interval [ f (1), u] in the Lobachevskii plane H in the ratio ¢ : (1 —?),
t € [0, 1]. Considering the map of the base induced by f (1) we obtain a homotopy
of CP' \ e stabilizing the point at infinity and connecting f with the identity
map. O

5The corresponding isomorphism is not canonical, but depends on the choice of the labyrinth, see
Theorem 3.2.
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3.2.6 Egquivalence of Labyrinths

We start with the following preliminary observation.

Lemma 3.6. If two labyrinths A and A’ give rise to equal representations X,
a1 (CP' \ e,00) — &, then also the systems of free generators (alphabets)
[As] and [ML], s =k, ..., g, of the fundamental group ) (H \ e, 00) related to these
labyrinths are the same.

Proof. Consider a simple loop representing a class [A]]. By Lemma 3.5 its
irreducible factorization [A}] = [A ]! [As,]%2 ... [A;,]% with respect to the gener-
ators in the second system contains no repeating letters. Accordingly, the word
Gy, Gy, ... Gy, is irreducible. On the other hand Gy, Gy, ... Gy, =: ya([A)]) =
xa([AL]) := Gs. In the group & such an equality is possible only if [A]] =
[A,]*!. The classes [A1] and [As] are conjugate in the fundamental group of the
punctured sphere because the corresponding loops go counterclockwise about the
same puncture. In a free group elements [A,] and [A;]™" cannot be conjugate, and so
W] = [A]- a

Theorem 3.2. Two labyrinths A and A’ attached to a divisor e are equivalent if
andonly if yo = ya.

Proof. A continuous deformation of the labyrinth A preserves the representation
x4 into the discrete group &, and therefore the same representation corresponds
to equivalent labyrinths. Conversely, if y 4 = y 4/, then we shall explicitly describe
a deformation A’ — A. In view of the mirror symmetry, such a deformation is
uniquely defined by the motion of the labyrinth in the upper half—plane. After an
obvious deformation of A’ we can assume that the labyrinths A and A’ coincide on
the real axis, and intersect transversally at finitely many points in the upper half-
plane, as depicted in Fig. 3.9b.

Assume that A, N A contains points x; and x; in the upper half-plane with
opposite orientation of the intersections, and the segment of the arc A; between
them is disjoint from the labyrinth A’. The segments of A; and A’ cut by the
points x; and x; bound a cell in H disjoint from the labyrinth A’ and, in particular,
containing no punctures. This cell can be retracted—we depict the corresponding

/

EA]. S
A

Fig. 3.9 (a) Deforming the labyrinth A’; (b) factoring the loop p := d(H \ A,) with respect to
the generators
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deformation in the background of Fig. 3.9a. We consider also the limiting case, when
one of the points x; and x, is an end-point of A;. Each of these deformations of A’
reduces the number of its intersections with A. Hence in finitely many steps we
arrive an equivalent labyrinth (still denoted by A’) whose intersections with A do
not have the form described above. We claim that now the intersection of the two
labyrinths in the upper half—plane contains only points in e. This actually means
that the cuts A, and Ag, s =k,..., g, bound a cell in H which is disjoint from both
labyrinths. Retracting such cells we obtain a deformation A’ — A.

So assume now that A \ e intersects the arcs A i Afz, el A;l in the upper
half plane one after another, as in Fig.3.9b. We factor the loop p going along
the boundary of H \ A with respect to the two systems of generators related
to the labyrinths A and A’. Setting equal these expressions and bearing in mind
that the corresponding alphabets coincide: [A]] = [A;], i = k, ..., g, we obtain a
commutation relation in the free group 7z (H \ e):

AT A7 AR] - A]Y = A7 A1 - T4 T - A (3.9)

where ¢; = %1 depending on the orientation of the intersection of A, and A’ The
word on the right—hand side of (3.9) is irreducible for otherwise we would be able
to deform the labyrinth A’ as in the previous paragraph. Hence this word consists
of a single letter [A;] and the labyrinth A’ does not intersect the arc A; N H at its
interior points. O

3.2.7 A Quasiconformal Deformation

The idea of a quasiconformal deformation of a group is due to Ahlfors and Bers
[3,4]; we merely adapt it to our aims. To start with, we mark an element go
{G?}$_, of the deformation space ¢} which generates a Kleinian group &° and

defines a projection x°(u): 2(&") — CP'! with the usual normalization 0, 1, 0o —
1,00, —1.

CONSTRUCTION. Let f(x) be a quasiconformal automophism of the Riemann
sphere fixing the normalization set x = —1, 1, oo in the base of the ramified cover-
ing map xo(u). The latter map pulls back the Beltrami differential 11 (x)dx/dx :=
(f2dx)/(fedx) of f(x) tothe domain of discontinuity Z(&°) of the marked group.
We extend the new differential fi(u)du/du := u(xo(u))(x du)/(x°du) by zero to
the limit set of the group &°, which has measure zero. Consider a quasiconformal
homeomorphism f' () of the Riemann sphere satisfying the Beltrami equation

9 -~ J -~
?f(“) = j(u) - — f(u) (3.10)
7} du
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and fixing three points in the plane: the two fixed points u =0, co of the generator
Gy and the pole u = 1 of the projection x°(u). The Beltrami differential i (u)d u/d u
is ®—invariant by construction, and therefore the uniqueness theorem for quasicon-
formal homeomorphisms states that f («) and f (Gu) differ by a conformal motion
of the Riemann sphere:

G/ f=fG, Ge&’ G/ ePSL,(C). (3.11)

The group &/ := f ®° j? ~1 generated by such motions is isomorphic to &0,
acts discontinuously on the domain 2(&/) := f2(®°), and is called the
quasiconformal deformation of the group &° generated by the motion f. The set
of generators g° of the marked group is taken to the generators g/ := {G;Vf ¥y =
{fGO f~113_ of the deformed group.

The following lemma underlines the natural character of the construction of a
quasiconformal deformation. It is an easy consequence of the uniqueness of the
normalized quasiconformal map with a given Beltrami coefficient [3].

Lemma 3.7. 1. If a quasiconformal map f deforms the group &° into &7, then
the holomorphic projection x/ (u): 2(&/) — CP' with the standard normalization
u=0,1,00— x = 1,00, —1 completes the commutative deformation diagram:

2(6%) — = g(&h

T

CP! CP! (3.12)

2. The deformation of the group &° by a composite map fh can be performed in
two steps. First, h is used to deform the group &° into &" : the left-hand square in
the diagram

72(6") —= 9(8") —L= 96/

lxu J{xh lxjh
S

CcP' —" P! CP. (3.13)

Then &" is taken for the marked group in the second deformation, with the use of
f': the right hand square in (3.13). The homeomorphism f h is equal to f h and the
required deformation of the group &° is &/ = f& =1,

Lemma 3.8. For f € QC the quasiconformal deformation g/ of the marked
element g° lies in the same space g&f .

Proof. The following objects are mirror—symmetric relative to the real axis: the
Beltrami coefficient p(x) = p(x) of the function f, the regular covering map
x%(u) = x%(u), and the normalization set {0, 1, oo}. The uniqueness theorem for
the normalized quasiconformal homeomorphism ensures that f (1) commutes with
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complex conjugation. Hence the new generators Gf = fG?f_l, s=0,1,...,g,
are real linear fractional transformations. The deformation of Gy is always trivial
because f stabilizes the fixed points of Gy. We claim that the deformations Gf of
the other rotations satisfy the geometric condition in Sect. 3.1.2. Indeed, the motion
f fixes the end-points of the interval (0, 1). Hence f takes the real diameters of
the circles Cy, Cs, ..., C, to disjoint closed subintervals of (0, 1), and we construct
new circles C lf , sz AU Cgf with diameters on these subintervals. The generator
Gsf ,8 = 1,..., g, maps the circle Csf into itself, but reverses its orientation, and
therefore Gf has two fixed points on Csf . They are real if s < k and complex
conjugate if s > k. Hence the new rotations G‘;f ,8 =0,...,g,satisfy the above—
mentioned geometric condition and define an element g/ of the same deformation
space %gk. O

In fact, the deformation of the marked group &° generated by amap f € QC(e"),
where €’ is the branch divisor of the corresponding normalized covering x°(u), can
be explicitly described.

Lemma 3.9. The quasiconformal deformation of the marked group &° generated
by a map f € QC(e%) coincides with the action on &° of the element [ f] of the
modular group.

Proof. Making punctures in the domain of discontinuity & of the marked group

at the fixed points of the elliptic transformations, we obtain a space é with a free
action of the deck transformation group &°. Recall that any f € QC(e") stabilizes
the group induced by the covering x°(u), and hence f can be lifted from the marked

point # = 1 to an automorphism of the covering space Z:

N
9 9
XO x(J
CP'\e" - P\ (3.14)

The resulting map f can be defined by continuity at the punctures in the domain
of discontinuity and on the limit set of the distinguished group with the help
of the equivariance condition fG = (f- G)f, G, (f - G) € &°. Recall that
the action G — f - G on the deck transformation group &° is induced by
the action of f on the fundamental group of the punctured plane CP' \ e’; see
Sect.3.2.5. The homeomorphlsm f CP! — CP! is quasiconformal, with Beltram1
coefficient fi. Hence f may differ from f in the deformation dlagram (3.12) only
by normalization. Calculating f (u) at u =0, co we see that f f and obtain the
following expressions for the deformed generators of the marked group:

G/ = fG'f' = fG'f' = f.G. O (3.15)
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3.3 Equivalence of the Representations

The equivalence of the four definitions of the universal cover of the moduli space
means the existence of (compatible) continuous bijections between the topological
spaces %’g‘, fgk, ggk , and fgk introduced above. In the following three sections we
establish several homeomorphisms in succession: between the Teichmiiller space
and the deformation space of a special Kleinian group, between the Teichmiiller
space and the universal cover of the moduli space, between the labyrinth space and
the deformation space of the group. We now describe the other correspondences at
an intuitive level.

fgk < féf‘. A smooth representative f of a Teichmiiller class takes some
marked labyrinth A° attached to the marked divisor € to a labyrinth fA° of the
same type. Two labyrinths of the same type can always be transformed into one
another by a suitable map /', which is unique up to isotopy of the punctured plane.

%’g,k <~ i”gk. The universal cover of the moduli space is the set of the branch divi-
sors e together with the history of their motion from the marked divisor €°. One can
recover this history by treating cuts in the labyrinth as the traces left by points in the
divisor in their motion. Conversely, each path in the moduli space can be deformed
so that the points in the divisor e do not meet the traces of their motion in the com-
plex plane. The picture in the plane thus obtained can be completed to a labyrinth.

3.3.1 An Isomorphism Between .7} and 4}

We fix an element g° := {G"}*_, of the deformation space %gk which defines the

normalized covering x°(u). The following result is typical [4, 66] for the theory of
Teichmiiller spaces

Theorem 3.3. Quasiconformal deformations bring about a homeomorphism
between %gk and the Teichmiiller space <7gk(e0) with marked divisor ¢ :=

{x°(fix G?)}fzo formed by the branch points of the covering x°(u).
The proof of Theorem 3.3 splits naturally into two steps.

Lemma 3.10. Two maps in QC deform a marked element g° in the same fashion if
and only if they define the same point in the Teichmiiller space ngk ().

Proof. 1. We start with a special case of the lemma, when one of the quasiconfor-
mal maps is the identity:

(a) If f € QC°(e%), then f does not deform the marked element g°. Indeed, in
this case the quasiconformal deformation of the group is equal to the action
of the modular group by Lemma 3.9, and by Theorem 3.1 the latter action is
trivial for f € QC°(e?).

(b) If f does not deform the marked element g°, then f € QC°(e°). Assume that
the quasiconformal deformation generated by f is trivial; then f € QC(e?).
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In this case we know that the deformation of the generators of the marked
group is defined by (3.15). By Theorem 3.1 it follows from the equalities
f-G'=G%s=0,...,g that f € QC°(e°).

2. We reduce the general case of the lemma to the special case of part 1. Combining
the deformation diagrams of the maps fi, /> € QC we obtain

2(6) <f_l 2(8%) L 2D(B)

l N L X0 l 3 (3.16)

N f
CP! CP! CP!

By part 2 of Lemma 3.7 on composite deformations, the deformations of the
generators of the marked group &° are equal if and only if the map f> /! does not
deform the generators of &/1. We see from the special case considered above that
this can occur if and only if f> /"' € Qc’ (f1€°), which is equivalent to the general
case of the lemma: f> € f; - QC°(e?). O

Lemma 3.11. The image of the Teichmiiller space ﬂgk contains the whole of g&f .

Proof. We shall explicitly construct a quasiconformal homeomorphism f (u) of the
Riemann sphere that:

(a) Fixes the three points 0, 1, co.

(b) Takes the domain of discontinuity of the marked element g° € %éf‘ to the domain
of discontinuity of a prescribed element g := {GS}‘;’T=0 of the same deformation
space.

(c) Respects complex conjugation and intertwines the actions of the Kleinian
groups ®° and & generated by the elements g° and g:

fG'=G,f, s=0,....¢g (3.17)

The equivariant map f : 9(6%) — P(®) of the covering spaces induces a map f €
QC between the bases. By the uniqueness of a normalized quasiconformal map, f
takes the marked element of the deformation space to the prescribed element.

We start by constructing the required map f in a neighbourhood of the marked
element g°. It will map the fundamental domain R(g’) onto the fundamental
domain of the variable element g with coordinates {c;, rs}5_, ~ {c,r%}*_, in the
deformation space and will respect the boundary identifications. The equivariance
property (3.17) will allow us to extend the map to the whole domain of discontinuity
and by continuity, also to the limit set of the marked group. We shall assemble
the required map from 2g simple “blocks” of the two types described below and
corresponding to variations of individual moduli ¢, and ;.
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Fig. 3.10 Deforming the fundamental domain R(g®): (a) 8¢, # 0; (b) §r; # 0

CONSTRUCTION. 1. Toanycircle Cs, s = 1, ..., g, we attach an edging consisting
of vertical strips from R(g®) \ {1}, as shown in Fig.3.10a. Contracting one
strip and expanding the other in the horizontal direction we can obtain a
quasiconformal deformation f of the fundamental domain, which is the identity
outside the two strips and coincides with the (conformal) horizontal translation
between the strips. The translation magnitude is equal to the variation of the
module cy; the other moduli do not change.

2. Eachcircle Cs, s = 1,..., g, is the inner boundary of a concentric annulus, lying
in R(g®) \ {1} entirely as in Fig. 3.10b. (Non-uniformly) expanding/contracting
this annulus along the radii while fixing its outer boundary component and setting
f to be the identity outside the annulus we obtain the required deformation of the
fundamental domain. The variation of r, will be a function of the variation of the
inner radius of the ring; the same holds for the variations of the ¢, for s > k; the
other moduli do not change.

We see that for two close points g° and g in the deformation space there exists

a motion f € QC taking one to the other. If the distance between two points is

large, then connecting them by a compact path we find a finite sequence of points

g% a',...,g" := g such that g* is a quasiconformal deformation of g*~' generated

by an explicitly described map f; € QC. By part 2 of Lemma 3.7, concerned with

composite deformations, the quasiconformal map f, ... f> fi deforms the marked

element g° into an arbitrary prescribed element g.

O

Proof (of Theorem 3.3). We showed in Lemmas 3.8 and 3.10 that the map
ygk €) — 54; is well defined and injective, and Lemma 3.11 says that it is

surjective. The continuity of the bijection ﬂgk < géf‘ with respect to the Teichmiiller

metric on 9&," and the topology of %gk follows from the construction of the direct
and the inverse maps; see also formula (3.20) for infinitesimal quasiconformal
transformations. O

3.3.2  An Isomorphism Between .7} and %i,k

The action of the modular group on a deformation space, which is described by
Lemma 3.9, can readily be expressed in terms of the coordinates {c;, rs}f=1. Dehn
half—twists along contours encircling a pair of punctures in the half—plane (see
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Fig.3.3) generate the modular group [21] and act as follows on the generators of
the Kleinian group &:

Bs—k - (...,Gs_l,GS,...)t = (...,Gs_lGSGS_l,GS_l,...)t, s=k+1,...,g;

(3.18)
the action of the twist B;—; on the generators other than G,_; and Gy is trivial.
We can show (see Exercise 16) that this change of generators does not take us
outside our deformation space. The transformation (3.18) is similar to the Artin
representation of a braid group into the automorphism group of a free group. Now
we shall see that this is not a mere coincidence: the modular group Mod(e") is
a braid group and formulae (3.18) describe deck transformations of the universal
cover of the moduli space.

Theorem 3.4. 1. The spaces ngk (€°) and Jz;;,k are homeomorphic.
2. The groups Mod(e°) and Bry_x41 are isomorphic [17,21].

Proof. We showed in Lemma 3.2 that the moduli space f%’;,k is the quotient of
ygk (€”) by the action of the modular group. We claim that Mod(e°) acts (A) freely
and (B) discontinuously on the Teichmiiller space and therefore the projection
ﬂgk ) — %k is a covering map. This is a universal covering because the space
ﬂgk ~ %é‘ is a cell by Lemma 3.3. Accordingly, the deck transformation group

Mod(e”) of this covering is isomorphic to the fundamental group of the moduli
space, which is isomorphic to the braid group Brg_; | by Lemma 3.1.

A. Let for a representative 7 € QC(e”) of the modular group there exists a motion
/ € QC such that fh € f -QC°(e"). Thus, & represents the identity element
of the modular group.

B. Transformations in the modular group are isometries of the Teichmiiller space,
and so the discontinuity of the action of Mod(e”) will follow from discreteness
of its orbits. We recall from Sect. 3.1.1 that, by taking another marked divisor
e¢’, each orbit of the modular group can be isometrically transformed into an
orbit passing through the marked point [id] in the Teichmiiller space. Thus, let
h, € QC(e") be a sequence generating infinitesimally small deformations of the
generators of the marked group: G/ — G, 5 =0,...,g.

The deformation of generators was calculated in Lemma 3.9. It is as follows:
Gf" =h, - G°. The isotropy group of u = 1 in & is trivial, so the convergence
G u — Gouimplies that ,-G? = G? starting from some index n. By Theorem 3.1
the trivial action of /z,, on the group &° means that /,, represents the identity element
of the modular group. O

The identifications of the Teichmiiller space with the universal cover of the
moduli space and the deformation space of the special Kleinian group give us two
coordinate charts in 9;‘. First, we have the global coordinate variables {c;, rS}f=1
in ?fgk, which range over a cell. Second, we have systems of coordinates in %‘gf‘
related to the branch points. The following result establishes a connection between
the two systems of coordinates.
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Theorem 3.5. The map <%;;,k — %; is real analytic in local coordinates. Its
Jacobi matrix is non-singular and has entries effectively calculated with the use
of quadratic Poincaré series.

Proof. To express our map in terms of local variables we must deform the generators
of the marked group using the local section (3.4) of the projection in Lemma 3.2. It
is sufficient to look at the map in the neighbourhood of the marked divisor €’ and,
if necessary, to replace the marked divisor and the marked group with the help of
part 2 of Lemma 3.7, concerned with composite deformations. As local coordinate
variables in a neighbourhood of the marked point in the moduli space %’;,k we shall
take the (independent) real and imaginary parts of the complex points ej, e, . .., e
that form together with 41 a simple branch divisor e ~ €°. The fixed points of the
generators of the distinguished group deformed by f(e, x) define a map {e; }?i g

{5, r}%_, in a small complex neighbourhood of {e?}f‘il:

cs(e) £ri(e), O0<s<k .
= fixG/ = f(e, fixG). (3.19)
cs(e) £irg(e), k<s<g

Corresponding to symmetric divisors e in a 2g—dimensional complex neighbour-
hood are a real 2g—plane and the real moduli ¢; and ry; > 0. Now we prove the
following results.

A. The complex map {es} £ = {cs,r5¥5_, is holomorphic.

B. The linear part (Jacobi matrix) of this map can be calculated explicitly.
C. The Jacobi matrix of the map is non-singular.
A

. The Beltrami coefficient (e, x) of the function (3.4) depends holomorphically
in Ls(C) on the components of e. The dependence on e of the coefficient
e, u) = ,u(e,x)x_g/xg, which is defined in the domain of discontinuity
2(®Y), is also holomorphic. By a well-known result [3] the map ]7 (e,+)
depends analytically on the components of e. In particular, all the functions
v(e) := f(e,v),v € {fix GX}_,, are holomorphic; the functions c,(e) and ry(e)
are their linear combinations.

B. The differentials of the functions v(e) can be calculated by the following formula
for an infinitesimal deformation [3,66] (here and throughout = means equality

2g
to within terms of order O ( 3 les — e?|2)):

s=1

2 (v(e) — v(e?)) < / e, v(v 1)du/\du=

1) u—v
- (dG(u)/aVu)2 v(iv—1) —
- [, e | X o -
) Gesl

=y(v— 1)/ wie, x)2"(x)dx Adx. (3.20)
C
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In the last but one integral the quadratic Poincaré series defines a meromorphic
quadratic differential £2"(x)(dx)? on the Riemann sphere x°(R) which depends
on the point v € {fix G?}*_, as a parameter. Its singularities are simple poles,
which can be placed at points in the divisor €* and at infinity. Such quadratic
differentials (of finite area [66]) form a complex vector space of dimension 2g
with basis

2,x)@dx)?* = (=D x =) dx): s=1,...,2. (3.21)

We continue (3.20) as follows:
(> —v) / p(e, x)2"(x)dx A dx =
C

2g
2 (1 —v) / 2'(x) Y (es — )z (x — ed)dx Adx =
C s=1

2g
=—(Z =) (e,—e)) d (2"(x)o(x —e)dx) =
=1 supp oz (x—e?)
2g
=2mi(V* —v) Z Res, .0 £2"(x) (e — e?).

s=1

In the last equality we have used that the function o has support in an annulus,
moreover, 0 = 1 on the inner component of the boundary and o = 0 on the
outer component. One readily recovers the differentials of the functions c;(e)
and rg(e) from these expressions.

C. Assume that the differential of the map {es}fil — {cy, ry}5_ | degenerates at €.
2g

Then there exists a non-trivial tangent vector E := )" ¢;0/de; such that for
j=1

e=e

Eci(e) = Erg(e) =0, s=1,2,...,¢g.

Now we differentiate the condition of the equivariance of f (e,"),
G/ flew = fle.Gu), Ge&’ G/ es/,

in the direction of E. Then we see that the derivative of the deformation f (e, u)
in the direction of E at the point ¢ under consideration defines a & —invariant
reciprocal differential E f (€°, u)(du)™". We claim that all the coefficients €, of the
vector E must be zero. For a proof we pull back the basis element (3.21) to the
domain of discontinuity Z(&°): 2, (u)(du)? := 2,(x°())(dx°(u))2. The product
of a quadratic and a reciprocal differential is a smooth & —invariant differential
Qs(u) -E f (€, u)du on 2(6°), and therefore
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0:/ 2,u) -Ef (€, uydu =
aR(g")

=/ d(2,-Efdu) = — 25 Ef)adundu
R(g")

R(g")

(differentiation of f with respect to e; commutes with differentiation with respect
to the variable u)

/ 2, (u)Zejax(x (u)—e ) ’gdu/\ﬂ
R(g”) Xy

j=1
/9 (x) Zejax(x eV)dx ndx= Zs]/ d(2,(x)o (x—eY)dx)
supp oz (x— e 0)
g
=-2mi Z g; ResX:e? 2,(x)= —27{1’8“,/((@‘?)2 -1).
Since the quantity e? is finite, it follows that &, = 0. O

3.3.3 An Isomorphism Between £} and &}

In finding the subgroup induced by the ramified covering x(«) in Sect.3.2.4, to
an element of the deformation space we assigned a special labyrinth, namely,
the projection of the boundary of the fundamental domain corresponding to this
element. The inverse correspondence is the basis of the following result.

Theorem 3.6. The spaces Z; and %; are homeomorphic.
Proof. We shall establish a 1-1 correspondence between these spaces.

A. The map ffgk — fgk . Corresponding to each element of the deformation space

géf‘ is a system of circles Cy, Cj, ..., C, bounding the fundamental domain
of the Kleinian group generated by this element. We claim that the normalized
projection x («) takes the boundary of the fundamental domain to a labyrinth A.
For instance, let us verify that for s < k the arcs xC; are real intervals. In fact,
if |u — ¢;| = rs, then u = G;u and we have the chain of equalities

x(u) = x(Gyit) = x(1) = x(u) € R.

Admissible perturbations of the circles Cs, s = k,..., g, do not change the
equivalence class of the labyrinth.
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B. The map f; — %;. Corresponding to each divisor e of type (g,k) is an
orbit of the modular group acting on %gk . There is a single normalized covering
x(u): % — CP! \ e associated with all points in this orbit. By Lemma 3.4 the

subgroup induced by this covering is equal to the kernel of any representation
of the form y 4 from the fundamental group of CP' \ e into the abstract group

& := (G, Gy, ..., GgIGS2 = 1). Fixing a labyrinth A one can realize elements
of & as deck transformations of x (1), which are real linear fractional maps. For
example, Go(#) = —u (the unique rotation of order 2 with fixed points 0 and

00). We shall show that the realization of the remaining generators Gy, G», . ..,
G, satisfies the geometric condition in Sect. 3.1.2.

By definition the representation y, is trivial on the fundamental group of the
Riemann sphere cut along the labyrinth A. Hence we obtain a well-defined map
u(x) of CP' \ A inverting x(u), normalized by the condition u(co) = 1, and
inheriting the mirror symmetry property u#(x) = u(x). This map blows up the cuts
in the labyrinth to smoothly embedded circles symmetrically threaded on the real

axis in the same order as the cuts Ag, Ay, ..., A,. Hence
0=RN @A) <RN@uA)<---<RNud,) <1. (3.22)
Eachset RN (uA;),i =1,..., g, consists of two points which are interchanged by

G;(u)ifi > k or fixed by itif i < k. The circle C; with centre on R passing through
the points R N (uA;) contains the fixed points of the rotation G; (1) and is disjoint
from the other circles of this kind by (3.22). We see that the system of generators
Go, Gy, ..., G4 defines an element of the deformation space ggk .

The maps in parts A and B of the proof are mutually inverse. Indeed, by
construction the labyrinth { A, }%_ and the labyrinth {x C,}_ obtained by applying
to it the composite map .,Efgk — ggk — f; have the same representation y 4; hence
they lie in the same class of labyrinth spaces by Theorem 3.2. By Theorem 3.5 the
bijection fgk <~ ggk constructed above is continuous since the local coordinates in

the labyrinth space have been borrowed from the moduli space %’g‘ . O

3.4 Problems and Exercises

1. Show that the full affine group 2(; of the real axis does not act freely on the
space of symmetric divisors e, while its subgroup Qlf acts freely.

2. For k=0,1,...,g, a coordinate chart in the moduli space %’;,k can be
introduced as follows. Fix a pair of complex conjugate points in the divisor;
for example, e = {—i,i,ej,...,ey}. Then take the independent real and
imaginary parts of the variable points ey, e, ..., ey, for the local coordinates
of the divisor e. Find the transition functions to coordinate charts introduced
earlier in the moduli space.
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11.

12.

13.

14.

15.

16.

17.

18.

19.
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. Prove that the normalized projection x(u): 2(®) — CP' in Sect.3.1.2
commutes with complex conjugation.
Prove that the limit set of the Kleinian group & in Sect.3.1.2 lies on the real
axis; in particular, the plane measure of this set is zero.
. Show that the points in the limit set of the Schottky group & are in bijective
correspondence with uncancellable infinite words on the alphabeth formed by
the generators of the group (for example, S> S| 'S . 2 ...). Deduce from this that
the limit set of the group is uncountable for g > 1.
Let & be an arbitrary Kleinian group (that is, a group acting discontinuously
on the plane) and & be its finite—index subgroup. Show that & and G have the
same limit sets; see [89].
List all the elliptic elements of the group & in Sect. 3.1.2.
Answer. G7'G,G,s =0,...,g,G € &.
. Show that the fixed elements of the hyperelliptic involution J of the quotient
space 2/& by the Schottky group correspond to the fixed points of generators
of the Kleinian group & in the fundamental domain 2.
Prove Lemma 3.1 for k = 0.
. Find the Beltrami coefficient of the composition of quasiconformal maps A
and f.
P () Apn (f (x)x

Answer. iy () = e oo
Let j(u)du/du be a Beltrami differential on the Riemann sphere which is
invariant under a linear fractional transformation S () and let f(«) be the solu-
tion of the corresponding Beltrami equation. Show that the homeomorphisms
f(u) and f(S(u)) have equal Beltrami coefficients.
Show that the expression (3.2) defines a metric in the Teichmiiller space and in
the orbit space of the modular group.
Prove formula (3.3) in the case of a small normalized quasiconformal deforma-
tion; see [3].
Let [p] be a loop associated with the edge [eo, €] in Fig.3.6. Show that [p]?
lies in the normal subgroup described in the beginning of Lemma 3.4.
Show that for each ¢ the map f,(u) in Theorem 3.1 commutes with deck
transformations of the covering H — CP' \ e. What is the image of the map
mirror symmetric to f(x)?
Derive formula (3.18). Using elementary geometric methods show that this
transformation does not take us out of the deformation space.
Consider a group acting freely by isometries on a metric space X and having
discrete orbits. Show that it acts discontinuously on X .
Show that the space of quadratic differentials admitting simple poles only at
fixed m 4+ 3 points on the Riemann sphere has dimension m.
Hint. The divisor of a meromorphic quadratic differential on the sphere has
degree —4.
Give a direct proof (making no recourse to other models of the universal cover)
that the labyrinth space .#; is homeomorphic to %;;,k )

,where k := p/p and p := f:(x).




Chapter 4
Cell Decomposition of the Moduli Space

For an efficient use of the Chebyshev representation for extremal polynomials we
must investigate how the periods of the abelian differential 1y, behave as functions
of a point M in the moduli space. In this chapter we develop a combinatorial
geometric approach to the investigation of the period map. To curves M in the
moduli space we shall assign in a one-to-one fashion trees I of a special form
with edges labelled by positive numbers. This defines a partitioning of the space
oo g+l
2= | ng J€F into cells o/ [I"] enumerated by trees, in which some of the
g=0k=0 i
global coordinate variables are periods of the 1-form associated with the curve.
A similar cell decomposition of the moduli spaces of curves is used in conformal
field theory (Kontsevich, Penner, Fock, Chekhov; see the references in the survey
paper [48]). Our techniques allow a graphical representation and classification of
extremal polynomials. We shall use it in what follows to describe the image of the
global period map defined on the universal covering spaces of components of the
total moduli space 7.

4.1 Curves and Trees

The abelian integral of the third kind y(x) := [ “num is a Schwarz—Christoffel
integral, which maps the suitably cut upper half-plane H onto a certain comb-like
domain with geometric parameters allowing one to recover all the periods of 1.
For the first time this important observation was made by Akhiezer in the case of
curves associated with Chebyshev polynomials on several intervals (see a discussion
in [37]). To describe the system of cuts we can conveniently use Strebel’s theory
of foliations associated with quadratic differentials [143]. Throughout Sect. 4.1
the curve M is fixed, and therefore we drop the corresponding subscript of the
associated 1-form 7).

A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 53
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-25634-9_4,
© Springer-Verlag Berlin Heidelberg 2012
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4.1.1 Foliations and global width Function

With a quadratic differential on a Riemann surface we can associate two foliations:
the vertical and the horizontal ones [143]. In our case the quadratic differential n?(x)
is defined on the Riemann sphere. Leaves of the horizontal foliation 5?(x) > 0 are
level curves of the locally defined function Im [ * 1. Leaves of the vertical foliation

(x.w)

n%(x) < 0 are level curves of the globally defined function W(x) := ‘Re f(eyo) n‘. In

view of the normalization of the differential 1, the function W(x):

(a) Is well defined on the entire x-plane.

(b) Vanishes at the branch points x = ¢;, j =1,...,2¢ + 2.
(c) Has a logarithmic pole at infinity and

(d) Is harmonic outside its zero set.

In other words, the width function W(x) is the Green’s function of the plane
cut along a piecewise smooth set /] containing all the branch points, /] := {x €
C:W(x) =0}.

The horizontal foliation n(x) > 0 is orthogonal to level curves of W(x) and
therefore contains no cycles or limit cycles. In Strebel’s terminology the global
structure of trajectories in the foliation is as follows: the leaves starting at finite
critical points (that is, at points in the divisor (n?) of the quadratic differential)
partition the complex plane into strips, which come from infinity, pass through the
zero set of W(x), and return to infinity. The local structure of the foliation n?(x) > 0
in the neighbourhood of its critical points is depicted in Fig. 4.1.

Example 4.1. For the genus-zero curve M := {w? = x> — 1} associated quadratic
differential is 7> = (x> — 1)~ (dx)?, and the global width function is W(x) =
|[Relog(x + +/x2—1)|. The vertical and horizontal foliations of this quadratic
differential are formed by the confocal ellipses and hyperbolae with foci at £1,
respectively. The horizontal foliation has two critical trajectories, the rays (—oo, —1]
and [1, 00); their complement is a Strebel strip.

S—
> s —
==
Z =
T
ord=-2 ord=-1 ord=0

Fig. 4.1 The foliation n> > 0 in a neighbourhood of points with ord > = —2,—1,0, 1,2
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4.1.2 The Graph I' of the Curve M

CONSTRUCTIONS ([42]). We associate with a curve M € ¢ a compact planar
graph I" = I"(M) consisting of two parts, /] and I'_. The component [} := {x €
C: W(x) = 0} is said to be vertical. By the horizontal component I we mean the
all possible intervals of the horizontal foliation 7?(x) > 0 connecting finite critical
points of the foliation with one another or with I} and oriented in the increasing
direction of function W(x). By vertices V of the graph I" we mean all finite points
of the divisor of #? and points in the intersection I7 N I'_. Outside its vertices the
graph is the union of finitely many intervals of vertical and horizontal trajectories
of the quadratic differential 5%, which we call its edges R. The measures |Re 1| and
|Im n| associated with n* enable us to define the width W and the height H of an
arbitrary smooth curve in the plane, respectively. For instance, the width W(R) of
an edge R C I is equal to the increase of the width function W(x) along R, and
the height H(R) of each horizontal edge R is zero.

REMARKS. 1. The vertical foliation of the quadratic differential 5? is a Jenkins-
Strebel foliation, as in the Kontsevich-Strebel (KS) construction [62, 84].
However, the topology of our foliation is entirely different: in the KS-case
the critical trajectories of the foliation partition the surface into punctured discs,
while in our case we have annuli (maybe with crumpled boundary). Furthermore,
for our construction of a graph, by contrast with KS we use segments of two
orthogonal foliations. In our case the quadratic differential #? usually has simple
poles, not allowed in the KS-construction. Despite all these formal differences,
the ideas behind these constructions are similar.

2. For the curve M generated by a polynomial P,(x) in the context of the
Chebyshev correspondence in Chap.2 the vertical part of the graph I7 :=
P'([~1,1]) was earlier considered by many authors (see references in [37]).
It proved to be useful in the investigation of least deviation polynomials on
several intervals and was called the support set of the polynomial, the n-regular
set, or the maximal set of least deviation. For the first time the full graph I”
associated with a generic polynomial was considered by Meiman [104] in 1960,
where he also announced Lemma 4.3.

Thus, any real hyperelliptic curve gives rise to a planar graph I" with edges of
two types: oriented horizontal edges equipped with their widths W and non-oriented
vertical edges equipped with their heights H. We give several typical graphs I"(M)
in Figs. 4.2, 4.3b, 4.6, and 5.6, where the vertical component is plotted by double

N f:'

[ — )

Fig. 4.2 The associated o ;
graph of some curve M for I ; ‘:\

g=8andk =2
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a b
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3 Wy +2i(H, + Hy) 0own
1 b Vs Hy
H, Vs e——y V3
Vo | V-
H D 6 | V2
H, @ Vio Hy v Vs V7 yVi =0
> t<————— - e =
W, m
" i ®
0 —

Fig. 4.3 (a) A comb-like domain with identifications of sides; (b) a weighted tree I”

lines. In what follows we are interested in a graph only as a combinatorial object
equipped with numbers. We say that two partially oriented graphs in the plane are
equivalent if one of them can be transformed into the other by a motion of the
half-plane H extended to the whole plane by symmetry. We denote the equivalence
class of a graph I" by [I"] and the equivalence class of a graph with edges labelled
by positive numbers by {I"}.

4.1.3 Characteristics of a Graph I

Let us introduce several combinatorial characteristics of a graph whose meaning
will be clear from what follows. We denote the subgraph of I" lying in the upper
half-plane or on the real axis by It := I, N H and I'? := I, N R, respectively,
where the subscript * can be empty or equal to | or —. The degree of a vertex V
relative to the graph I’ will be denoted by d; = d2(V). The horizontal edges

*

are oriented, and therefore one can define also the quantities ;> (V') and dg (V)
equal to the numbers of incoming or outcoming edges of the graph I'*® incident
to the vertex V, respectively, where the superscript ® can be empty or equal to
0or+.

DEFINITIONS. We set ord(V) := d|(V) + 2d;,(V) — 2,

gy =#V erl:ord(V)=1 (mod 2)}/2—1,

k(I :=#{V e I'ord(V) =1 (mod 2)}/2,

dim(I) == #{R C (LT UL} +#V e TP UTH\ N} -1,

codim(I") :=2g(I") — dim(["),
2din(V) — 4, Verf\nt,
din(V) =2, Ver\rd
2(d|(V) (mod 2)) +d*(V)=3, VeI,
d\(V) (mod 2) +d* (V) -1, Ver
in the last definition V € I'° U I' ™ and the residue mod 2 takes the values O or 1.

codim(V) := d b (V) +
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4.1.4 Properties of the Graph of a Curve

In the following result the combinatorial characteristics ord, g, and k are expressed
in terms of the original curve M.

Lemma 4.1. Let I'(M) be a graph corresponding to a curve M € jfgk. Then:

1. ord(V) is the order of the quadratic differential n* at the vertex V.
2. g(I') is the genus of M.
3. k(I') is the number of coreal ovals on M.

Proof. 1. The quantity 2 4 ord(}'), which is either d| for W(V) = 0 or 2d,, for
W(V) > 0, has the meaning of the number of trajectories in the vertical or
respectively horizonal foliation of the quadratic differential n> that are incident
to V. This integer is two greater than the order of 7> at V [143].

2. Points at which the order of n? is odd are branch points of M.

3. 2k(M) is the number of real branch points of M. O

Weighted graphs {I"} associated with curves have several structural and quanti-
tative constraints. Their complete list is given in the next lemma.

Lemma 4.2. A;. I is a finite tree symmetric about the real axis (together with all
the structures on it).

A,. Horizontal edges starting at a vertex are separated by edges ending at it or
by vertical edges. In particular, hanging vertices of the following form are
forbidden:

As. Ifthe order ord(V') of a vertex V is zero, then V € I1 N T

Ay. The sum of the heights H of all vertical edges in a tree is 7.

As. IfV belongs to I, then W(V') = 0.

Proof. A,. We claim that I' is a connected graph without cycles. Assume that it
contains cycles; then its complement contains a bounded region. Integrating
the square of the gradient of W(x) over this region we obtain O because W is
a harmonic function outside I" vanishing on the vertical edges of the graph,
while its normal derivative vanishes on the horizontal edges.

The graph is connected since the sum ord(}') taken over all vertices is twice the
number of edges minus twice the number of vertices, that is, it is equal to the
number of components of /" multiplied by —2. By Lemma 4.1 this is also equal
to the degree of the divisor of the quadratic differential 7> on the sphere plus the
order of its pole at infinity, which is —2. The symmetry of the weighted graph
can be seen from the fact that the quadratic differential is real: n>(x) = 7%(x).

Ay. If W(V) > 0, then on horizontal trajectories of 5? incident to V' the function
W increases and decreases alternately. Trajectories on which W decreases are
exactly the incoming horizontal edges of I". On the other hand, if W(V') = 0,
then the horizontal trajectories starting at V' alternate with vertical trajectories,
which coincide locally with vertical edges of I".
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As. The graph has vertices at finite points in the divisor of the quadratic differential
(at which ord(V') # 0 by Lemma 4.1) and at common points of the vertical and
horizontal components of the graph I".

Ay. Inthe domain C\ I the differential 1(x) has a single-valued branch since each
component of ] contains an even number of branch points of M. Deforming
the boundary of the domain into a large circle we obtain

+27i :/ n :i/ Imn = :t2i/ Imn| = £2i > H(R).
d(C\1}) a(C\1}) n

RCT

As. This holds by definition. O

The next lemma gives one a hint of how a hyperelliptic curve can be recovered
from a weighted graph.

Lemma 4.3. The abelian integral of the third kind y(x) := [ * 1 maps the upper
half-plane cut along I' homeomorphically onto a horizontal half-strip of height
m with finitely many horizontal cuts starting at the vertical component of its
boundary.

Proof. The abelian integral has the following form: y(x) = W(x) + iH(x),
x € H\ I', where W(x) is the global width function and H(x) is the conjugate
harmonic function with a single-valued branch in the simply connected domain
H \ I" normalized by the condition H(x) = 0 for x > I'°. We shall interpret
the height function H(x) in terms of the foliation > > 0 restricted to the domain
H\ .

Each leaf of the foliation starts and ends at the boundary of the domain, which
consists of the following parts: oo, R \ I, I'_, I'|. Searching through all possible
cases we can describe the behaviour of the leaves oriented in the increasing direction
of W(x) as follows: finitely many leaves start at vertices of I'—, all other leaves start
from I; all leaves go to infinity staying within the upper half-plane. For instance,
a leaf cannot start or end at R \ I"; otherwise its end-point is a critical point of the
foliation (since the foliation is mirror-symmetric) and therefore lies in I".

The function H is constant on each leaf and is equal to lim Arg(x) as x — oo
along the leaf. Corresponding to each value of H € (0, ) there exists a unique leaf
in the cut half-plane and the width function W allows one to distinguish points in
this leaf. Hence the integral y(x) maps H \ I" one-to-one onto a comb-like domain
described in the statement of the lemma (See Fig.4.3.). |

4.1.5 Recovery of the Curve M from Its Graph I’

Let {I"} be a tree in the plane with edges of two types, non-oriented “vertical” and
oriented “horizontal” ones. We call the positive numbers labelling the edges R their
widths W(R) if R is a horizontal edge or their heights H(R) if R is a vertical edge.
We set the height of horizontal edges and the width of vertical ones to be zero. On the
vertices V' of the tree we can (in fact, uniquely) introduce the width function W (1)
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strictly increasing on (oriented) horizontal edges such that the width of each edge
is equal to the increment of the width function between its end-points. If the tree
satisfies conditions A;—As, then we can associate with it a real hyperelliptic curve
M = M{I'}.

CONSTRUCTIONS ([42]). It follows from condition A; that H \ I" is a simply-
connected domain. A piece of its boundary inherits from {I”} the notions of vertices
v, vertical and horizontal edges r, height function H(r), and width function W (v).
Going along the boundary of the cut half-plane from —oo to +o0o defines a strict
ordering of the vertices v and the edges r, so that we can define the height function
at vertices in the boundary:

H(v):= > H(r).

r>v

Properties A, and As ensure that the monotonicity patterns of the height and the
width functions of vertices v under the motion in the positive direction along the
boundary of H \ I" are similar to the ones plotted in Fig. 4.4 (the horizontal pieces
of the boundary adjacent to R in the figure may absent, see e.g. graphs on Fig. 4.2
and Fig. 4.3b).

Indeed, the edges on the horizontal parts of the boundary of H \ I" have zero
height, and so the function H(v) is locally constant there; on the vertical parts the
height of edges is positive, and hence H(v) decreases. The total decrease of the
function H (v) along the boundary of the upper half-plane cut along I" is given by
the heights of all edges in I"° and twice the heights of all edges in I"*. According
to condition A4, its value is 7. As to the width function, condition A5 claims that
W(v) = 0 on the vertical parts of the boundary of H \ I, while from A, it follows
that W(v) has no local minima on the horizontal parts of the boundary of the cut
half-plane.

Now in the y-plane we consider the comb-like domain

Comb{I'} :={y €eC:0<Rey,0 <Imy < 7}

\ U [iH(v),iH(v)+H(vr,r)12x V)W(V’)} 4.1)

H(
vEI(H\T)
H(®).
1 :
W)
R I~ I I n I n I~ R

Fig. 4.4 The monotonicity patterns of the functions H (v) and W (v) on the boundary of the domain
H\ T
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and map the vertices in the boundary of H \ I” into the boundary of Comb{I"} by
the formula

v—y) =Wk +iH(V) £i0, 4.2)

where '+’ is the sign of the monotonicity of W at the vertex v. It is clear from the
graph in Fig. 4.4 that the map between the boundaries is monotone relative to the
ordering of the vertices, and therefore it associates uniquely edges r in the boundary
of HI\ I" with edges y(r) in the boundary of Comb{/"}. Corresponding to each edge
R of the graph I" T there is a pair of edges —, r* in the boundary of the half-plane
cut along I', its “sides”. The linear map of the interval y(r~) onto y(r™) which
reverses the orientation of the boundary of the comb has the following form:

y+iHt—iH™, RcTIT,

y— 43)
—y+iH" +iH™, RcC L,
where H ¥ is the mean value of the height H = Im y on the interval y (). We shall

treat the intervals y(r~) and y(r ™) as identified in accordance with the rule (4.3).
Taken with all the boundary identifications, the comb-like domain Comb{/"}
is an abstract Riemann surface H{/"} homeomorphic to a disc. A conformal map
x(y) : H{I'} — H with fixed infinity is defined up to motions in Qlf. It is
clear from the gluing formula (4.3) that on the half-plane H we obtain a well-
defined meromorphic quadratic differential (dy(x))?. It is real at the boundary and
extends by symmetry into the lower half-plane. We take for M {I"} the two-sheeted
surface (2.1) with branch points at the zeros and poles of odd multiplicity of the

quadratic differential (dy)?(x), x € C.

Theorem 4.1. The constructions in Sects.4.1.2 and 4.1.5 establish a one-to-one
correspondence between hyperelliptic curves M € ¢ and weighted graphs {I"}
satisfying conditions A—As.

Proof. A. Let{I'} — M{I'} — I''(M) be the maps from Sects.4.1.5 and 4.1.2
performed in succession. The construction of the first map associates with an
abstract weighted graph {I"} its realization in the x-plane, the image of (a part
of) the boundary of (4.1) and its reflection Comb{/"}. We denote this graph, its
vertices, and various subgraphs by x(I"), x(V), x({]), x(I), etc. We claim
that the weighted graphs x(I") and I"’(M) are equal.

An abstract weighted graph {I"} gives rise to a quadratic differential (dy)?(x)
in the x-plane. The function y(x) := [ :0 dy defined in a neighbourhood of an
arbitrary point x is single-valued if the quadratic differential has an even order
of zero (or pole) at x. If this order is odd, y(x) is double-valued. Accordingly,
a small neighbourhood of x( is mapped onto either a multiply-sheeted disc glued
from pieces of the comb-like domain (4.1) and its mirror reflection or onto a half
of such a disc. Calculating the angles at the glued together vertices of combs
corresponding to a vertex V' of the graph I", we see that the disc consists of d;,
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Fig. 4.5 Calculating the /2172

order of quadratic differential \

1? at the node V' of the graph: /2 /2 N\, 27
W(V) = 0 (left) and 71'/1 o
W(V') > 0 (right) d d

sheets for W(V) > 0 or d|/2 sheets for W(V') = 0 (see Fig.4.5). Hence the
order of the zero of the quadratic differential (dy)?(x) at xo := x (V) is ord(V).

Now we can realize the Riemann surface M {I"} as two sheets C \ x(I)
glued crosswise along the edges x (7). Indeed, all the branch points of the curve
M{I'"} are end-points of vertical edges of the graph x (/") and each connected
component of the subgraph x(I7) contains an even number of branch points
(an edge has 2 end-points). The identifications (4.3) show that dy(x) on the
upper sheet and —dy (x) on the lower one are glued into a single meromorphic
differential on M with two simple poles at infinity. We shall show that this is the
1-form 7y, associated with the curve by calculating its periods.

Assume that R U x(I") intersects transversally the projection of a closed
contour C C M onto the x-plane and partitions this projection into pieces
Cy, Gy, Cs, ... We reverse the orientation of the pieces of C corresponding to
the lower sheet of M. Then the integral of dy(x) over C is equal to the sum
of the increments of y along the images of the pieces Cj, Cy, Cs,... in the
two symmetric combs Comb{/"} and Comb{/"}. Each intersection point of the
projection of the cycle C with RUx (/) yields a pair of points on the horizontal
part of the boundary of the combs, which enter the above-mentioned alternating
sum with opposite signs. Each intersection with x (/7]) yields a pair of points in
the vertical part of the boundary, which enter the sum with the same sign. The
rules (4.3) of identification of the boundary edges of the combs now allow us to
say that the integral of £dy over an arbitrary closed cycle C in M is an integer
linear combination of the quantities i H (R), R C I]. In particular, all the periods
of the differential are purely imaginary. Condition A4 enables us to calculate the
residue of the 1-form at the point at infinity in the upper sheet, which is —1.

The remaining verification that the weighted graphs I'’(M) and x(I')
are equal is a routine procedure. Property Az, which we have not used yet,
guarantees that x (/") has no vertices distinct from finite points in the divisor
of the quadratic differential (dy)? or in the intersection of the vertical and
horizontal components of x (I").

B. Conversely, let M — I'(M) — M'{I"} be the maps in Sects.4.1.2 and 4.1.5
performed successively. The conformal map x(y) in the second construction
was the inverse of the abelian integral y(x) in Lemma 4.3 (it is in this way that
one obtains the correspondences in (4.2) and (4.3)). Hence M = M’ up to an
affine motion from Qlf O



62 4 Cell Decomposition of the Moduli Space
4.2 The Coordinate Space of a Graph

We fix a topological class [I"] of graphs. The systems of weights on a graph meeting
the conditions A; —As5, satisfy the following constraints:

H(R)>0: Y H(R+2 Y HR) =m. (4.4)

rRcry RCF‘+

where the edges R lie in 1"‘+ U F‘O;

WV)>0, WV')>W({V) whenV' >V, 4.5)

where the vertices V and V' belong to (I'™ U I'°) \ I (recall that the vertices
in the horizontal part I of the graph are partially ordered). This set of numbers
parametrizes some manifold, depending on the topology of [I"], in the total moduli
space ¢, which is therefore partitioned into disjoint manifolds enumerated by
admissible topological types [I"].

Definition 4.1. By the coordinate space </[I'] of a graph I" we shall mean the
product of the open simplex (4.4) filled by the values of the variables H(R) and the
open cone (4.5) filled by the values of the variables W(V).

Example 4.2. For the graph in Fig.4.3b the coordinate space is an open
4-dimensional polyhedron in the space R®> > (H,, H,, H3, Wi, W5) described by
the constraints 2(H; + Hy) + H; = n; Hy > 0,s = 1,2,3; W, > W; > 0.

Lemma 4.4. The dimension dim(I") of a cell /[I'] does not exceed 2g(I") and
is equal to 2g(I') if and only if neighbourhoods of all vertices V. € I' have

the form e— ———— —se<—, and neighbourhoods of vertices V= € I'°
on the real axis can, in addition, have the following form (up to the central

[N S
[

symmetry):
(the real axis is plotted by dots).

Proof. By considering separately all possible cases we can show that for V' €
' U 't we have codim(V) > 0, and only for vertices of the form described
above codim(V') = 0. The latter combinatorial value was defined in Sect.4.1.3. The
calculation below demonstrates that the sum of the defects of the vertices V' of the

g+1
graph is equal to the codimension of the cell <7[I"] in the space 7 := | %‘;,k :
k=0
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Z codim(V) = Z dt +2 Z (din —2) + Z (din —2)
verour+ verour+ vert\n Vero\n

+ Y (2(d (mod 2)) +d" —3)+ Y (d) (mod 2) +d" —1)

VGF‘JF Ve[vl()

=@M +2)+ > (1+2+ Y 1+ > 2— > 4

RCIr+ RCr0 Rcr“‘i’ ver+\n

- > 2= Y 3= 1=+ +{ >3- >3

Vero\n Ve[“““ Ver RCI'+ ver+

RPMEDNIED IEED WS
RCI® vero ch+ RCr? ver+\n

- Y 1=2g(I')—dim(I").

veri\n

In the last equality we take into account the fact that the expression in the first curly
brackets is equal to zero (each component of I" T is a tree with one vertex removed)
and the expression in the second curly brackets is equal to —1 (I"? is a tree). O

Example 4.3. Corresponding to the moduli space .75 there are 20 graphs [I"] with
full dimension of the coordinate space dim(I") = 2g = 6. We present them in
Fig. 4.6 up to the symmetry relative to the vertical axis.

ot gt o

[ m—
[ —
O >3 CO> <> <
CO> s> <€D
[ -
[ —
[ —

Fig. 4.6 Graphs encoding the full dimension cells in the space .75
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Fig. 4.7 Courant’s tent
functions

2wV

- . > ]
0 H (v) "y

4.2.1 The Space of a Graph in the Moduli Space

Theorem 4.2. Each space <7 [I'] is real-analytically embedded in the total moduli
space .

Proof. The proof proceeds in three steps:

1. Given the increments of the weights {W(V'), H(R)}y.r of the graph [I"] we
construct a one-to-one quasiconformal map f(-; y) of the corresponding comb-
like domains, which respects the boundary identifications.

2. The map f(-; y) of comb-like domains induces in a natural way a quasiconformal
motion f(-; x) of the upper half-plane, which transforms the branch divisor e.
We write out explicitly the linear part (Jacobi matrix) of this deformation.

3. We claim that the Jacobi matrix has the maximul rank dim[/"].

We carry out the argument taking for example the graph presented in Fig.4.3b.
For other graphs [I"] our direct method will differ only in its second step, which
depends on the combinatorial properties of the graph. In Chap.5 we put forward
another proof of the fact that the embedding of the coordinate space of the graph in
the moduli space is analytic; it is based on the implicit function theorem.

Step 1. We fix a point in </[I'] with coordinates {W°(V), H°(R)}y.x.
It corresponds to a normalized branch divisor € D {%1}, a graph I} in the
x-plane,! and the distinguished 1-form 1n° =dy° on the curve M,. For close
points in /[I"], which have coordinates {W(V), H(R)}y g, we define a
map of comb-like domains f({W, H}; y): Comb{I} — Comb{/"}. This map
(1) expands/contracts the strips bounded by the horizontal lines drawn through the
nodes WO(v) +iH°(v) £i0 at the boundary of the comb-like domain uniformly
in the vertical direction; at the same time it (ii) shifts small neighbourhoods of
these nodes in the horizontal direction.

CONSTRUCTIONS.  The heights H°(v), where the v are nodes on the boundary
of H \ Iy, make up a grid on the interval [0, r]. Consider a Courant tent function
x"(+) of this grid, which is a piecewise linear interpolation of the function equal to
1 at H°(v) and to 0 at the other nodes of the grid, see Fig. 4.7. Now we define real
functions of the y-variable ranging over the unperturbed comb, which depend on
the nodes v as parameters:

I"This should not be confused with I"°, the intersection of I" with the real axis.
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o"(y):=o(y —W°(v) —iH(v))

1 if y°(v) is an end-point of the cut,
O(Imy — H°(v)) if y°(v) lies on the upper
X side of the cut,

8(H’(v) —Imy) if y°(v) lies on the lower
side of the cut,

where o(y) is a cutoff function equal to 1 in a 2-dimensional neighbourhood
of y = 0 and with support small in comparison with the distances between
different nodes on the boundary of the unperturbed comb, 6(-) is the Heavyside
function equal to 1 for non-negative values of the independent variable and to 0
for negative values. Finally, we define a deformation of the comb-like domain,
which depends on a point in the coordinate space <7 [I"] as a parameter:

SOW Hyy) =y +i Y SHWx'(Imy) + ) SWmo'(y),  (4.6)

HO®v) v

where the first sum in (4.6) is taken over the different nodes H°(v) on [0, 7]
and the second is taken over the nodes v on the boundary of the half-plane cut
along I. The perturbations §W(v) + i§H (v) of the nodes on the boundary of
the comb-like domain are results of the shifts W (V) := W(V) — W°(V) and
SH(R) := H(R)— H°(R) of the point in the coordinate space of the graph. The
increments in (4.6) that do not vanish in the case of the graph in Fig. 4.3b are as
follows:

5H(V3) = 8H1; 8W(V1) = 8W(V7) = SI/Vl,
5H(V4) = 28H1; SW(Vg) = 8W2;
§H(vs) = 28H, + SHo; 4.7

8H(ve) = §H(v7) = 8H (vg) =
— §H (vo) = 28H, + 25Hs.

Lemma 4.5. For a small displacement {SH(R),SW(V)}v.r in the coordinate
space of the graph [I'], the function f({W,H};y) maps the comb-like
domain Comb{ Iy} quasiconformally onto Comb{I"} and respects the boundary
identifications.

Proof.  Note that for nodes on the vertical part of the boundary of the comb-
like domain the increments § W(v) vanish. Nodes, vertical, and horizontal edges
of the boundary of Comb{I}} are taken to similar elements of the boundary
of the perturbed comb (4.1), which is constructed in accordance with the new
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set of weights {H*(R) + SH(R), W°(V) + §W(V)}r.y, where the increments
SW(V') are small. The old comb-like domain will be quasiconformally mapped
onto the new one, with Beltrami coefficient u({W, H}, y) := f5//, (W, H}; y)
depending on the weights {W(V), H(R)}y.r as a real analytic function into
Loo(Comb{Ip}). Now we verify that the deformation of the comb commutes
with the gluing maps (4.3), separately for vertical and horizontal pieces of the
boundary.

On vertical edges of the boundary of the comb-like domain the gluing map (4.3)
and the deforming map (4.6) are linear functions of the imaginary part of the
independent variable y. Hence it is sufficient to verify their interchangeability at
the end-points of these edges. Let v and v— be boundary points corresponding
to a vertex V' of the graph I and lying on opposite sides of the vertical edge.
Then

uing”
iHO (o) 2 000 L iHO ) + iSH(v4) = iH(v4):
.770 fo. 0 . . gluing
iH (v—) > iH (v=) + i6H(v=) = iH(v—) —> iH(v4).

The horizontal segment [y (v% ), y(vtj_)] of the boundary of the comb-like domain
is glued to the segment [y(v*), y(v?)] if v% and vﬁ_ lie on the same side
of the horizontal edge of the graph I' and v* and v/ lie on the other side
of it. In that case H(w) = H(OE), HOL) = HOL), W) = W),
and W(vﬁ_) = W), and the calculations below show that the gluing map
commutes with the deformation. Let y be an arbitrary point in the horizontal
segment [y (v% ), y(v’i)]. Then:

gluing® 10/« 10/«
y——y+iH (V) —iH (V)

Loy 4 iHOO%) + iSHO) — i HO0D) + 3 $W07 )o(Re y — WO(,));

y=a.p

v Ly +isHO) + Y SWOoRey — WOO)
y=a.p

gluing

—— y+HIHO") —iHO) +iSHOL) + Y SW()o(Rey — WO(W)).
y=a.p

Step 2. We return to the proof of Theorem 4.2. The map of the upper half-plane
JUHWx) = x(n) o fUH.Wiy) 0 y°(x)

which is naturally induced by the deformation of comb-like domains is defined
up to motions in Qlf’ Hence we shall assume that the motion f({H,W};-)
stabilizes the points {—1, 1, 00} and shall extend this map to the lower half-
plane by symmetry. The Beltrami coefficient fi(x) := u({W. H}, y°(x))y%/y°
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of the quasiconformal deformation j? depends on the weights {W, H } in the real
analytic fashion. The same can be said of the dependence of variable points in the
image f ({H, W };e°) of the distinguished divisor e’ := {—1, 1, ¢}, ... ,egg} ona
point in the coordinate space of the graph [I"]. The linear part of the deformation
of €” is described by the formula

2ridey = 2mi(f({H, W};e®) —e?) < ((e%)? — 1)/ 2,(x)i(x)dx A dx,
C
s=1,...,2g, (4.8)

where = denotes equality to within terms of order O(Z(SW(V))2 +
v

Z(SH(R))Z); and £2,(x)(dx)? is an element of the basis (3.21) of holomorphic
R

quadratic differentials of finite area in C \ ¢’. The linear part of the expression
(4.8) with respect to §H and §W is
_0
2rides = ((€%)* — 1) Q2,(x ) EE
C\Iy 8

( > SHv)x'(Imy) + Z SW()o" (y)) dx Adx.
HO(v) y=y0(x)
(4.9)

Here the nodes v lie on the boundary of C\ I, and the functions x"(-) and ¢"(-)
with superscript v from the lower half-plane are obtained from the corresponding
functions with superscript v by mirror symmetry. Now we continue the transfor-
mation of the integral in (4.9):

2rides = —((e?)? — 1)/ |:Q () ( Z SH(v)x"(Im y°(x))
C\Iy

x HO®v)
+> SW(V)GV(yO(x))) dx:|

= (2= 1) / QS(OX) (...)dx. (4.10)
aC\Ip)  Ix

In calculating the integral over the boundary of the complement to the graph I
we must bear in mind two things: (1) the function y%(x) changes its sign after
crossing vertical edges of the graph Iy and keeps sign after crossing its horizontal

edges; (2) the sum of the boundary values of the term Y §H (v)x"(Im y°(x))
HO®v)

is constant along vertical edges of the graph. For instance, in the case of the

weighted graph in Fig. 4.3b the last integral is equal to
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Fig. 4.8 The graph I" and
the basis of even 1-cycles

i6H(v7) (/ s —[ a)s) + 2i§H (v5) (/ s —[ a)s)
Ve Vo Vs Ve

v3 V2
+ 2i6H (v3) (/ Wy —/ a)s) + 2mi Z SW(v)Res wg(v),
v V3

v=v7,18

where w; = ((e2)* — 1) £2,(x)/y%dx is a holomorphic differential on the
complex plane cut along the graph Iy. The form w; changes sign after the
hyperelliptic involution J of Mj, and so, taking account of the expressions
(4.7) for the increments §H (vs), the 1-chain along which we integrate w; can
be replaced by an even cycle on the curve M,. The coefficients of the expansion
of this cycle with respect to the basis of the lattice of even cycles (see Fig. 4.8)
are just the increments of the heights H; and H>:

2riSe, =i Y  8H; /+a)s +27mi Y 8W; Resaws(x)), 4.11)
C

j=12 j j=12

where x; is the zero of the distinguished 1-form 7n° = dy® which has width
function value W}.

Step 3. Assume that the differential of the map of the coordinate space of the
graph [I'] in the moduli space /¢ does not have full rank at the distinguished
point. This means that for some non-trivial displacement {§H,, H,, §W;, W)}
the right-hand side of (4.11) vanishes for all 1-forms @ on the curve M, such that
w - 1° belongs to the space of holomorphic quadratic differentials with finite area
on C\e'. Taking » equal to the holomorphic differential {; with normalization
fCi+ ¢j =8i,i =1,2,weseethat 6H; = 0. Taking w equal to the meromorphic

differential with simple poles over x; that has the normalization f ctw =0,
i = 1,2, we see that the increment § W; also vanishes. O

D1scuUsSION. The coordinate spaces <7[I'] form a cell decomposition of the
moduli space #Z°. We indicate without proof the neighbourhood relations between
the cells. At the boundary of a coordinate space some inequalities in (4.4) and (4.5)
become non-strict. If the width of a horizontal edge vanishes, then the corresponding
edge is contracted into a vertex of the graph. The same occurs in the case when the
height of a vertical edge vanishes; however there can be a further transformation
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141

of the graph to comply with condition A,: as H — 0, a fragment Il W2 is
Vi —

transformed into | W2, if W; < W5. In Strebel’s terminology this corresponds to

the contraction of a strip in the foliation 73, > 0. The boundaries of the cells .«7[I"]

can reach the boundary of the moduli space %’g‘ if the corresponding transformation

of the graph [I"] changes its genus. This reflects the fact that moduli spaces of lower

genera lie on the boundary of moduli spaces of higher genera.

4.3 A Classification of Extremal Polynomials

One application of our graph techniques is a geometric representation and a
classification of g-extremal polynomials by means of the graphs of the associated
curves. The tradition of using graphs in the description of polynomials and other
algebraic functions goes back to Hurwitz’s well-known paper [108] (1891); see also
[29] and [30].

In the plane of the values of the polynomial P(x) we draw the interval [—1, 1]
red and connect each critical value of P(x) with [—1, 1] by an interval from the
foliation of confocal hyperbolae with foci at 1, which we draw black. We pull
back this figure to the plane of the independent variable x of the polynomial and
wipe off the hanging black edges one after another. The result is precisely the graph
I'(M) for the curve M associated with the polynomial; its red part is “vertical”
and its black part is “horizontal”. The graphs associated with polynomials satisfy
(in addition to A;—A5) an additional constraint on the heights of the vertical edges.

Theorem 4.3. A weighted graph {I"} corresponds to a curve M associated with
a polynomial of degree n if and only if for each vertex V. € I't U I'° of odd
order ord(V') there exists a corresponding vertex v on the boundary of H \ I", of
height H(v) € wZ/n. If this condition is fulfilled, then it holds for each vertex v
corresponding to the branch point V.

Proof. With each branch point V' in the statement of the theorem, apart from the
right end-points of the projections of coreal ovals, we shall associate an odd 1-cycle
on M. At the boundary of H \ I" we pick an arbitrary node v corresponding to V'
and link it with the conjugate point v by a simple arc C, disjoint from the graph I"
and circumventing it from the right. Looking at the intersection form we can verify
that the (g + 1) cycles

C— = C,, V e R,

Y C,—JC,, VeH, (412)

form a basis in the lattice H; (M, Z). It follows from Lemma 2.4 that the sublattice
Ly is formed by the odd 1-cycles such that in their decompositions an element C,~
of the basis has even coefficients if the branch point V'(v) is real. The periods of the
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distinguished form 71y, over the cycles in our basis can be expressed in terms of the
heights of the nodes v:

—2H(), V eR,

(T (um)|C,7) _4HW). Ve
By Theorem 2.1 a curve M is assigned to a polynomial of degree n if and only if
the period map of the differential 7y, on the lattice Ly is 4w7Z/n-valued. In our
terms this means that 4 H(v) € 4xZ/n for all the nodes v generating the special
basis (4.12).

The above argument does not involve the branch points V' that are the right end-
points of the projections of coreal ovals of the curve. Using for them the same
scheme we can construct 1-cycles which are integer combinations of cycles in the
special basis (4.12). Hence the remaining heights H (v) lie in the lattice 7Z/n since
it contains the heights of the nodes v generating the special basis in question. O

A characteristic feature of g-extremal polynomials used as substitutions in
the solution of least deviation problems is as follows: their non-exceptional crit-
ical points lie on the real axis. Accordingly, the classifying graph {I"} of the
normalized polynomial must be concentrated on R in some sense, for instance,

> H(R) < m. We claim that the oscillatory behaviour of the polynomial on
Rcr+
the real axis (a “qualitative” sketch of its graph) is determined by a neighbourhood

of the subgraph I'°. Assume that a polynomial P,(x) with positive leading
coefficient corresponds to a graph I in the plane. In accordance with the Chebyshev
representation (2.7), the value of the polynomial at a point v on the boundary of the
upper half-plane cut along I" is

P,(v) = cosni(W(v)+iH(v))= cos nH(v) coshnW(v) + i sinnH(v) sinhnW(v).
(4.13)

If v € R, then the imaginary part of this value vanishes since W(v) := 0 on 1"‘0,

H(®) € nZ/n on I'°, and we have H(v) = 0 forv > I'’ and H(v) = n for
v<TY. By the same formula (2.7) the value in (4.13) has multiplicity

1, Hy)—iW(Q) &€nZ/n,

mult P, = (1 + ord 2)-
@) = (1 +ord()/2) 2, Hv)—iW(y)enZ/n.

In particular, each edge (v—,v*") C Flo contains |[-nH (V™) /x| + [nHOWY) /7] + 1|
simple critical points of P,(x), whose values alternate between 1 and —1. Thus we
have found all the critical points of the polynomial on the real axis and the corre-
sponding critical values, with their multiplicities. This is sufficient for sketching a
“qualitative” graph of P,(x). Extremal polynomials can also be calculated using
computer software (see Fig. 4.9 where the graph of Chebyshev polynomial on four
segments is shown) we devote Chap. 6 to this topic.
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1,00
0,00
—h00 | | | |
—1,00 —0,50 0,00 0,50 1,00
18 3 4 12

i ; . 37 377 37T 377 . .
Fig. 4.9 Polynomial P37(x) with a graph €»>+<e€—9>.<e>.<€ (only the points with
| P37(x)| < 1 are shown)

4.4 Problems and Exercises

1. Sketch the vertical and horizontal foliations of the quadratic differential 73, for
a curve M with real branch points.

Hint. In this case the zeros of 7, lie on the projections of finite real ovals of M .

2. Let M be the curve associated with a polynomial P,(x). Show that the
horizontal (vertical) foliation of the quadratic differential ’7%14 coincides with
the foliation of confocal hyperbolae (ellipses) with foci at £1 pulled back to
the x-plane by P, (x).

Hint. In this case the foliation (17/)> > 0 coincides with the inverse images
under the map P, + /P> — 1 of the rays outcoming from the origin.

3. If ¢(x)(dx)? is a meromorphic quadratic differential on a compact Riemann
surface M, then M can be partitioned into annuli, (possibly punctured) discs,
spiral domains, and strips in a canonical way (see the definitions in [143] and
[66]). Show that for the foliation associated with the distinguished quadratic
differential 7]?u on M this partitioning consists only of stripes starting at the
point ooy and ending at the point co_ of the Riemann surface.

4. Show that the number of leaves through a fixed point of the foliation associated
with a quadratic differential ¢ (x)(dx)? is two greater than the order of the zero
of the coefficient of ¢ (x) at this point.

5. Derive from Axioms A, and As that if at a vertex V' the width function is zero,
then this vertex lies on the vertical part of the graph I".

Solution. If V does not lie in I7, then d;, (V) > 0. Hence there exists a vertex
at which the function takes a (strictly) smaller value than at V. In finitely many
steps we descend to a vertex V' € I of the graph such that W (V') < 0.

6. Find all the stable graphs of curves (that is, graphs with codim(I") = 0) in the
spaces 4!, 5, and 4.

7. Prove the theorem of the analytic embedding of the coordinate space of a graph
in the moduli space in the case of a general graph I".

8. Find the classifying graph I" for a classical Chebyshev polynomial, a Zolotarév
polynomial (4), and a Chebyshev polynomial for several intervals.
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10.

11.

12.

4 Cell Decomposition of the Moduli Space

Show that the graph I" of a curve M associated with a polynomial can be
constructed following the instructions at the beginning of Sect. 4.3.

Find the graph I" for the Chebyshev spline of type (n,0,k_, k1) (see the
definition in Sect. 1.1.5).

Answer. This graph contains only the vertical component; it looks like a line
interval with two brooms at the ends. Each broom is formed by 2k — 1 bristles
of length 7 /(2n).

Create a combinatorial algorithm generating all the admissible weighted graphs
{I'"} (that is, ones satisfying conditions A;—A5).

Show that for any admissible graph its dimension dim(/") is not less that its
genus g(I"). Describe the graphs with dim(I") = g(I").



Chapter 5
Abel’s Equations

In this chapter we study the structure of the set of curves M associated with real
polynomials of degree n by means of the Chebyshev correspondence. In view of
Theorem 2.1, for genus g curves of this type their branch points are constrained by
the following relations:

m Z, s=0,1,....,k—1,
—i/ Ny =2r—, mg € 6.1
(o n ZZ, s=k,...,g,

where {C;}5_, is the basis of the lattice of odd 1-cycles on M which we fixed
earlier. Since 7y has zero periods over all even 1-cycles, the Riemann bilinear
relations bring this system of equations to Abel’s classical criterion for the existence
of a meromorphic function on M with divisor 7 - (co_ — co).!

Locally, the left-hand sides of Abel’s (5.1) are single-valued analytic functions of
the branch points of the curve; however, they are globally multivalued: interchang-
ing two branch points in the upper half-plane we obtain another basis in the lattice
of odd cycles. This ambiguity is described in terms of a braid group action on the
universal cover of the moduli space of curves.

We shall investigate the period map I1_ defined by means of the natural extension
of the left-hand side of Abel’s equations to the moduli space. Only g relations

in (5.1) are independent because the cycle Xg: C,” contracts to a pole of ny with
s=0
known residue. Correspondingly, the period map [71_ sends jfz,k =~ R?¢ into RS.
We claim that the differential of I7_ has full rank everywhere, and so level surfaces
of this map are smooth g-submanifolds of the universal cover of the moduli space.
The polynomials of degree n correspond to fibres in f%’?‘ projecting onto a lattice
of rank g defined by the right-hand sides of Abel’s equations. The inverse image of
the lattice is dense in the moduli space in the limit as n — oo. Using the techniques

I'The Akhiezer function P := P + +/P2 — 1 in the diagram (2.2).

A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 73
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-25634-9_5,
© Springer-Verlag Berlin Heidelberg 2012
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which we develop here we shall give another proof of Theorem 4.2 on the analytic
embedding of the coordinate space of a graph in the moduli space, stated earlier.
The machinery of the previous chapter enables us to find the image of the period
map. For k = g + 1 the image I1_ (%i,k ) is the interior of a g-simplex, for k = g it
is the union of k open g-simplexes, and for k < g we obtain infinitely many open
g-simplexes indexed by braids in Br, ;4 and by (g—k 4 1)-subsets of a g-element
set.

5.1 The Period Map

For the investigation of the periods of abelian differentials on variable curves M
we must consider two “superstructures” on the moduli space, namely, two vector
bundles: the bundle of homology groups H, %@k and the bundle of real meromorphic

differentials .Ql%’;,k on the base %’;,k.

5.1.1 The Homology Group Bundle and Translation of Cycles

The fibre over a point M € %" of the real vector bundle H,.7}" is the (2g + 1)-
dimensional homology space H;(M,R) of the curve M. This bundle splits in the
natural way into the sum of subbundles H," %‘;,k and H~ %’;,k the fibres of which are

the eigenspaces of the operator J of anticonformal involution in homology which
correspond to the eigenvalues 1. A local trivialization of the homology bundle is
described as follows.

Consider a point M (e) in the base of the bundle which ranges over a sufficiently
small neighbourhood of the marked point My = M(e). Let f(e,x) be a planar
diffeomorphism commuting with complex conjugation, taking the marked divisor e”
to the prescribed divisor e, and equal to the identity outside a small neighbourhood
of the points in the marked divisor. One example of such a map is the local
section (3.4) of the projection QC — %‘;,k . This transformation of the plane lifts to
a map of two-sheeted covering spaces M (e”) — M (e) and induces an isomorphism
between their homology. This isomorphism H;(M (e°)) ~ H;(M/e)) respects the
splitting into the even and odd 1-cycles and the integral homology. We can use this
natural identification of the 1-homology at close points in the moduli space for a
local trivialization of the homology group bundle because it is independent of the
choice of the diffeomorphism f (e, x): all the maps satisfying the above conditions
are homotopic in the punctured plane C\e®. B

We can also consider the homology group bundle over the universal cover f%’;" of
the moduli space. Associated with the labyrinth model .Zéf‘ of the universal covering

space is a basis of global sections of the subbundle H~ j?;,k . Indeed, if k£ < g there
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is no distinguished basis in the space of odd 1-cycles on the curve M(e), while a
labyrinth A attached to a branch divisor suggests such a basis.

Definition 5.1. Going counterclockwise along the sides of the cuts Ao, Ay,..., Ag
on the upper sheet of the surface M (e) as in Fig. 2.2b produces a distinguished basis
Cy.Cr...., Cg_ in the space H; (M, R).

The transition functions of the homology group bundle are locally constant,
and therefore it possesses a natural flat (Gauss—Manin [150]) connection, which
enables us to translate homology to nearby fibres. The action of this connection on
integer 1-cycles can be described as follows. On the two-sheeted model of the curve
M we draw a closed contour representing a cycle and avoiding the ramification
points. Leaving this contour fixed and perturbing the branch points we translate
the cycle to close curves M. We denote the result of the translation of an element
C of the homology group bundle along a path t in the base %i,k by C - 7. This
right action of paths is well defined on cycles in the fibre over the initial point of
the path and the result C - 7 lies in the fiber over the endpoint of the path. It is
associative: C - (1112) = (C - 11) - 72, and depends only on the homotopy class of
the path. The parallel translation of cycles defined by the Gauss—Manin connection
is compatible with the splitting of the homology group bundle into the subbundles
H 1i %’g‘ mentioned above and preserves all the integer homology lattices considered
earlier. The distinguished basis associated with a labyrinth defines sections of the
homology group bundle which are horizontal with respect to the above connection.

Example 5.1. The Dehn half-twist S, in Fig.3.3,s = k + 1,..., g, corresponds
to an elementary braid in the group Brg_;41 and to a loop in the moduli space.
The translation of the distinguished basis of a labyrinth along this loop changes
only two of its elements: (...,C_,,C;7,...) — (...,—C;.,2C; +C_,,...)".
In deformation the cycle C,_, goes to the lower sheet of the Riemann surface and
dragging it back to the upper sheet results in a change of sign. We see that the
monodormy of the Gauss—Manin connection is non-trivial if so is the topology of
the moduli space.

The flat connection defines an action of the braid group Bry_j 1 on the real
cohomology space of the marked curve by duality. Namely, we define the action of
B e m(jfgk, My) = Brg_j 41 on a functional Cx € (H; (Mo, R))* by the formula
(B - C«|C) := (C«|C - B), C € H{(My,R). We see from the above example that
the coordinate description of the braid group action on functionals in (H| (Mo))*
coincides with the Burau representation [21,28].

5.1.2 The Bundle of Differentials and the Period Map

The real meromorphic differentials £ on a curve M which have at worst simple
poles at the distinguished points co+ form a real (g + 1)-dimensional vector space.
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The union of such spaces parametrized by points M in the base f%’;,k is the vector
bundle of differentials .Qlji’;,k . The bundle of differentials is trivial: in the algebraic
model (2.1) with normalized branch divisor e (the two extreme left real banch points
are equal to 41) each differential £ € .Qlji’;,k has a unique representation of the

form .
dx ) dx
£ = Po(x)— 1= (gbsx)v (5.2)

We see that an element of Qlf%’gf‘ is completely determined by a point in the base
and a real polynomial Pg(x) of degree at most g. As local coordinate variables in the
bundle of differentials we shall take the coefficients by of the polynomials P, (x) and
the independent real and imaginary parts of the variable points e in the normalized
divisor e.

The period map (2.4) enables us to couple local sections of the homology group
bundle and local sections of the bundle of differentials over the same base. In the
standard fashion [69] we obtain a bundle of differentials .Qlf%’g,k over the universal
cover of the moduli space. The Gauss—Manin connection enables us to identify
fibres of the homology group bundle H, %;;,k over the universal covering space with
its fibre over the marked point M, € %i,’ﬁ The bracket in (2.4) defines now the
global period map II: .Qlj‘%,k — H'(M,,R). The superposition of IT and the
restriction of a functional to the subspace H(My,R) C H{(Mo.R), e = +,—, 00
defines a partial period map IT.: 2 ljfg,k — (H?(My,R))*. We investigate the
fibres of the period map in the next section.

5.1.3 Properties of the Period Map

The simplest period map 1, defines the residue of the differential at infinity. Its
typical fibre ~
= (£ € QI (I1(§)|Coo) = 27}

is a smooth 3g-cell formed by the differentials with residues %1 at the distinguished
points cox in the curve M e jf k

Lemma 5.1. The cell N is partitioned into smooth submanifolds (strata) consisting
of differentials of the following form with zeros of fixed orders:

2¢+2

£= ]"[(x—e)fs]_[(x—a )a/— (5.3)

j=1

where the zeros a; are pairwise distinct and do not coincide with the branch
points es;
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2g+2

>0, a; =1, Zes—i—Za]—g,

j=1

Proof. We shall show that the (2g + /)-dimensional stratum (5.3), parametrized by
the values of the zeros ¢, and a; lying in the closed upper half-plane, is smooth.
The independent variables Ree; and Ime; define a local system of coordinates
in the base of the bundle of differentials. We complement it to a local system of
coordinates on N by considering the values of the polynomial Pg(x) in (5.2) at
g distinct fixed points xp, ..., xg on the real axis. The linear change of variables

(b Y = 0 — {Pg(xs)}_, has a determinant distinct from zero (a Vandermonde
determinant). It remains to show that the mapping from the positions of zeroes

{a j}lt_l to the space of monic degree g polynomials arising in the right-hand side
BPL (x ) Py ()

of (5.3) has full rank. In other words, the matrix |[=-==|[s; = || —«; S [|s; is of
full rank. If it were not so, there would exists a polynomial of degree at most g—1
with zeros xi, ..., x,. O

We see that we can introduce the following local coordinate variables on the
(2g + I)-dimensional stratum (5.3): Ree; and Rea; for real points e;, a;, and
Reeg, Reaj, Imeg, Ima; for e; and a; in the upper half-plane, s = 1,...,2g,
j =1,...,1 < g. Also the manifold of forms 7, participating in Abel’s equations
will be stratified: it is the intersection of N and the set [T ;1 (0) of differentials with
purely imaginary periods. Throughout this section we treat the period map I7 and
the corresponding partial maps /74 and [1_ as defined on the 3g-cell N. We have
the following result.

Theorem 5.1. 1. The fibres of the maps I1+:N — (H1+ (Mo, R))* and M_:N —
(H{ (Mo, R))* are smoothly embedded 2g-cells with non-singular projections
onto the base of the vector bundle .Qlt%;;,k .

2. The fibres of I1+ (of I1-) are transversal to the strata (5.3) in the space N and
the fibres of I1— (of 14, respectively).

3. The “rational” fibres of IT (that is, fibres such that IT(§) € 2nH"(M,, Q)) are
dense in N.

All these assertions are local; they can be proved by introducing appropriate local
systems of coordinates in N some of the coordinate variables in which are periods
of the variable differential £.

CONSTRUCTIONS. A. We fix integral 1-cycles C+,C2+,...,Cg+ andC[,...,Cg,

C forming bases in the homology subspaces H1+ (My) and H (M,) of the
marked curve, respectively, where the odd cycle C encircles clockwise the
puncture at co4. Pairing these cycles with 1-forms by formula (2.4) gives us
2g + 1 globally defined real analytic functions y1+ &), )/2+ ®),..., Ve F(£) and
Y1 (€)oo 7 (6), Yo (§) = —2m Res§|oo, on the bundle .Qljffgk. The space
N of differentials with residues +1 is described by the equation y(§) = 27,
and the fibres of the restrictions of the partial period maps I, to N are defined
by the additional equations y{(§) = consty, s =1,...,g, ¢ = +,—.
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B. We consider the further g real analytic functions on N, ¥ (§):= ((f“l’g)(x“') ) £,

where xj,..., x, are different fixed points in (—oo,—1) and integration
proceeds along a real oval on the curve. Here and throughout, we assume that
the variable branch divisor is normalized.

C. Oneach (2g +/)-dimensional stratum (5.3) we also define locally / real analytic
functions ¢5(¢),s = 1,...,1. Onthe curve M we consider a path F; connecting
two zeros (ay, £w(ay)) of the differential £ which project onto the same point in
the x-plane. In a small neighbourhood on the stratum this path can be assumed
to depend continuously on &: the end-points of F; “float” together with the zeros
of the differential (see Fig. 2.2a). The choice of F; is homotopically non-unique,
but two possible paths differ by a cycle on M : if the zero a, lies in the projection
of areal oval on M, then F,— J F, € H[ (M, Z);if a, lies in the projection of a
coreal oval, then Fy + JF, € H 1+ (M, Z); for a pair of complex conjugate zeros
as,a; we have J Fy, — F; € H\(M, 7).

Fixing the paths F; we can locally introduce on the stratum / the complex-
valued functions f;(§) = [ F &, whose real and imaginary parts give us the
missing coordinate variables. Namely, for each zero a; on a real oval on M we
set ¢s := Re f5; for a; in a coreal oval on M we set ¢; := Im f; finally, for a pair
of complex conjugate zeros a;, a; we set ¢; := Re f; and ¢5 := Im f;.

Lemma 5.2. 1. The 2g + [ functions y*,s = 1,...,¢;¢;, j = 1,...,1, forma
local real analytic coordinate system2 on the stratum (5.3).

2. The 3g functions )/Si, s=1,...,¢:%;, ] =1,...,g formalocal real analytic
coordinate system on the manifold N.

Proof. 1. The positions of the variable branch points ey, ..., e, of the curve M
and the zeros ay, ..., a; of the differential £ are complex-valued functions of the
local coordinates on the stratum. The differentials of the new coordinate variables
have the following expressions:

l

o= 5 e Sl 55 )

=1 J=1

dy; = i(i[(g,- = %) /C_ - _Se]}dej + i[aj /q— . _gaj:|daj),

Jj=1

2This is a variant of Hubbard-Masur coordinates introduced in [81]



5.1 The Period Map 79

dep, :—[ie} (i[(s,—%)/F x_e]:|de,+Z|:a, /F m:|daj),

Imd V=1
s=1,...,1.

If they are linearly dependent, then there exists on M a non-trivial real

differential
2g 1

E; A;
= Zx—Jej-’_jX::lx—jaj g

J=1

with constants £; and A; such that all integrals over the cycles C Si vanish, as
well as the real (and/or imaginary, in accordance with the definition of ¢;) parts

of the integrals over the paths F;. The real symmetry |, O = / jr, @ and the

above relations between J F; and F; yield the equalities f O = 0,s=1,...,1.

The poles of @ can be located only at ramification points of the curve M, and
the residues at these points vanish because w is odd, that is, changes sign after the
hyperelliptic involution. Since all the cyclic and polar periods of w are equal to
zero, the abelian integral y(x,w) := f((lxov;) w is a single-valued function on M.
The function y(x, w) is also odd with respect to the involution of the curve, and
therefore the equalities f FO= 0 mentioned above show that y vanishes at the
points in M lying over the zeros a;, s = 1,...,1. The even function y(x, w)w
has a unique singularity, a pole at infinity, and so it is a polynomial in x. The
degree of the polynomial yw is at most g + 1, and it has g + 2 zeros with
multiplicities taken into account: the zeros e of multiplicity &, fors = 1,...,2g
and of multiplicity 1 + &, for e, = =1, and the zeros a; of multiplicities «;,
Jj = 1,...,1. Hence @ = 0 and the differentials of the real analytic functions
)/Si, s =1,...,8;¢;, j = 1,....1, are linearly independent on the stratum
(5.3) of the space of differentials.

2. The proof of the second assertion of the lemma follows the same pattern: we
write out the differentials of the functions )/si and v; expressed in terms of
the local coordinate variables on N. If they are linearly dependent, then there
exists an abelian differential of the second kind w with zero periods. The function
w f ) o) will be a polynomial in x. This polynomial has degree at most g + 1,
but it has g + 2 zeros at the points £1, x1, ..., X,.

O

Proof (of Theorem 5.1). Fibres of the map I14 (resp. I1-) are level sets of the
functions 7/1+, cees )/g"' (of yi°\..., yg_ resp.). In Lemma 5.2 we showed that the

differentials of the 2g functions y; +(&) are linearly independent in the cotangent
space of N and, moreover, on each stratum (5.3) in N. This yields almost all
the required results: (1) fibres of [T (of I1-) are smooth 2g-submanifolds of N;
(2) these fibres intersect the strata (5.3) in smooth (g + [/)-submanifolds and they
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intersect fibres of IT_ (of I1;), respectively, in smooth g-submanifolds; (3) the
fibres of IT at which ysi /27 are rational constants are dense in the space N.

Now we unravel the situation of the projections of fibres of the partial period
maps onto the base. On a fixed curve M there exists a unique real differential £ with
residue —1 at ooy and with prescribed real periods )’1+ ey y; (or with prescribed
imaginary periods iy, ....,iy, ). This produces a bijection of fibres of I7+ onto
the base %ik, which we know to be a cell. The non-degeneracy (= the maximum
possible rank) of the restriction of the projection N — %’i,k to a fibre of I14 follows
from the infinitesimal version of these arguments. Indeed, a vertical tangent vector
to N at the point £ is naturally identified with a holomorphic real differential @ on
the curve M carrying €. If this vector is tangent to the fibre of the period map,

then all the integrals of w over the cycles C;F, s = 1,..., g (over the cycles C,~,
respectively), vanish. Hence w and therefore also the vertical tangent vector to the
fibre of I14 are trivial. O

5.2 Abel’s Equations on the Moduli Space

For the study of Abel’s equations we identify the submanifold of .Qlj?;,k consisting
of the distinguished differentials 1), and the base of this vector bundle. We know
from part 1 of Theorem 5.1 that the manifold NN I7 j_l (0) projects onto %;;,k without
singularities. Now the partial period map [1_ is defined directly on the universal
covering space of the moduli space. The braid group Br,_ 4 acts on both spaces:
the universal covering space j?i,k of the moduli space and the cohomology space
H'(M) of the marked curve: see the last paragraph in Sect.5.1.1.

Lemma 5.3. The period map H_:%k — (H{ (Mo, R))* is equivariant with
respect to the action of Brg_j 1.

Proof. Points in the universal covering space %;g,k are homotopy classes of
paths t C %’;f‘ starting at the marked point My. The braid group Bry_;4; =

T (%’fgk , My) > [B] acts on them by deck transformations [t] — [B7]. The assertion
of this lemma follows from the chain of equalities

(T_([] - [DIC) = —i /

M = —i/ v = (1] L_([Z])[C).
C-(Br) (C-p)t

|

We shall refer to the inverse image IT~'(C*) of a functional C* ¢
(H{ (Mo, R))* in the universal covering space j?;,k as the manifold T(Cy). For
instance, Abel’s equations (5.1) define locally such a manifold for the functional
C4 defined on the basis of the lattice of odd 1-cycles in Mj by the equalities
(C«|Cy) = 2mmg/n, s = 0,1,...,g. Now we collect the properties of these
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manifolds that we already know from Theorems 2.1 and 5.1 and Lemmas 5.2
and 5.3.

Theorem 5.2 ([40]). 1. Any T is a smooth g-dimensional submanifold of %;;,k .

2. Two T-manifolds are either disjoint or coincide.

3.T(B-Cx) =B -T(Cx), Cx € H_(%k), B € Brg_i+1.

4. The functions Y5, s = 1,..., g, produce a local coordinate system on T.

5. The points in the universal cover %‘;,k associated with polynomials of
degree n fill T-manifolds corresponding to the functionals in the dual lattice
4xn~! (Lmy)*

6. The “rational” manifolds T(Cy), Cx € 2n(H[ (Mo, Q))*, corresponding to
various polynomials, are dense in jfi,k .

Remark 5.1. We proved the density of the image of the Chebyshev correspondence
in the moduli space of curves with real branch points in [37]. Peherstorfer [117] and
Totik [148] proved this result by other methods.

DiscussiON. The analysis of the period map and its fibres T is important for
understanding the nature of g-extremal polynomials. We can suggest the following
questions for investigation.

1. Find the image of the universal covering space c%;;,k under the partial period
map I1_.

2. Is the projection of a T-manifold onto the moduli space injective? In other
words, does the action of the braid group on the subset 71— (c%;g,k) of the space
of functionals (H, (Mo, R))* have fixed points?

3. Investigate the map of a “rational” manifold T into an appropriate space of
polynomials induced by the Chebyshev correspondence.

4. Describe the topology of a T-manifold. As shown by this author [37], for
k = g+ 1 itis always a cell. The cell decomposition in Chap. 4 induces a cell
decomposition of T-manifolds, which enables us to analyse their topology. The
intersection of a fibre of the period map with the inverse image of a cell .o/ [I"]
in the universal covering space also is a cell: we fix certain linear combinations
of the variables H(R) in the coordinate space of the graph. However, to describe
the topology of T-manifolds knowing the neighbourhood relations between cells
in a decomposition requires hard work and good geometric imagination even for
small g. Our calculations for g < 3 show that T(C*) is a cell whatever the
functional C* in the image of 71— might be, but in case g = 3,k = 1. In the
latter case the fiber may have several components, all of them are cells. Probably,
the following result holds.

Conjecture 5.1. Each component of a T-manifold is a cell [24].

We answer the first two questions in the next section. Here, as an application of
the special local system of coordinates ¢, ¥; featuring in Lemma 5.2, we consider
the third problem. We shall also present another proof of Theorem 4.2 in Chap. 4 on
the embedding of the coordinate space of a graph in the moduli space.
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Theorem 5.3. Formula (2.7) for the recovery of a polynomial from the image of
the Chebyshev correspondence defines a smooth embedding of the projection of the
manifold T(C*), C* € 4xn~"(Ly,)* N H_(f%’i,k), onto the moduli space in the
space of polynomials of degree n.

Proof. As usual, we assume that the branch divisor e is normalized so that the two
extreme left real points in it are £ 1. The map T(C*) onto the space of polynomials
is described by the formula

(x,w)
P,(x) = cos(ni/ nM), x €C,(x,w) € M(e),
(1

:0)

which shows that at 4+1 and —1 the polynomial P, takes the values +1 and 1 =
cos 5(C*|Cy"), respectively. Thus the image of the fibre T lies in a codimension-
two plane in the (n + 1)-dimensional Euclidean space of polynomials (2). We can
take the quantities P,(x;), s = 1,...,n — 1, for global coordinates in this plane,
where the x; are distinct real points lying to the left of —1. In the local system of
coordinates {1 } on T its map into the space of polynomials looks as follows:

=+ coshnyy, s=1,...,g,
P,(xy) = { areal analytic function
of (Yi,...,v¥), s=g+1,....,n—1.

By a suitable choice of the first g test points x; we can (locally) achieve that the
coordinates V¥ are distinct from zero. Furthermore, the differentials of the first g
coordinate variables of the space of polynomials, viewed as functions of ¥, are
linearly independent. If the projection onto the moduli space does not glue together
two different points in T(C*) (see Question 2 on p. 81), then these produce different
polynomials P, by Theorem 2.1. O

Proof (of Theorem 4.2). Theorem 5.1 allows us to identify j‘fgf‘ and the manifold of

distinguished forms nys € Qljii,k on curves M in the moduli space. This moduli
space is partitioned into smooth strata (5.3) of dimension g+1,/ =0, ..., g, and by
Lemma 5.2 the functions y,, ..., Ye s 1, ..., ¢ can be taken for local coordinate
variables on these strata.

From the topological structure of the tree [I"] we can find the multiplicities of all
zeros of 1, and can decide if they coincide with the ramification points of the curve
M {I"}. Hence the image of the coordinate space of the graph [I] lies in a stratum
of the moduli space. In this image <7 [I"] the above-mentioned coordinate variables
on the stratum are integer linear combinations of the heights H(R) and the widths
W (V). However, an injective linear map is an embedding, and in Theorem 4.1 we
proved the injectivity. O
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5.3 The Image of the Period Map

Recall that the partial period map I7_ takes the universal cover %’Zk of the
moduli space to the space of functionals on H; (M,,R) =~ R¢*! by the formula
(IT_(M)|C) := —i Jenm, C € H (Mo, R). Here integration of the differential
on M over cycles in the distinguished (and so distinct from M in general) curve M,
proceeds with the use of the Gauss—Manin connection. We describe explicitly the
image of this map in Theorem 5.4. For the statement of this theorem we require
several definitions.

We fix topological invariants g and k, 0 < g, 1 < k < g + 1. The points
h := (ho,hi, ..., hg41) in the Euclidean space R$%2 such that

0:h0<h1<h2<-~-<hg<hg+1=7r, (54)

fill an open g-simplex A,. We define as follows the Burau action of the braid group
Br, 15 in the ambient space of the simplex on the generators:

*r—e

~_ s—11. r._ _ 1
As (ooyhg—i hg, o) = hg, 2hg — hg—y, ...,
s=1,2,...,g+1; (5.5)

a crossing on the (s — 1)th and sth strands affects only the variables &, and h;.
With each (g — k + 1)-subset i of the index set 1,2, ..., g we associate a braid
k(i) € Brgy4» (see Fig.5.1). We move the strands of the trivial braid which have
indices in i behind the plane containing the figure, and fixing their right-hand end-
points shift them upwards without crossings. At the same time we shift the other
strands downwards without crossings in the plane of the figure. The braid « (i) acts
as follows on a point 1 € R¢+2: the variables /g, s € i, take the first (g — k + 1)
positions in the order of their indices s. The other variables h;, j ¢ i, undergo
successive reflections at all the points Ay, s € i, with larger indices s > j and after
these transformations take the last (k + 1) positions in the order of their indices ;.

Example 5.2. Fori = {2,3,5,7,8} and g = 8, k = 4, the braid « (i) is as on the
right-hand side of the picture in Fig. 5.1. Its action takes a vector (ho, h1, . .., h9)' to

(ha, h3, hs, hy, hg, 2hg — 2h7 + 2hs — 2h3 + 2hy — ho,
2hg —2h7 + 2hs — 2h3 4+ 2hy — hy, 2hg — 2h7 + 2hs — hg, 2hg — 2h7 + hg, ]’lg)t.

We treat braids 8 on g — k + 1 strands as elements of Br,, by adding to them
horizontal strands below; see the left-hand side of the picture in Fig. 5.1.

On the universal cover %’;,k we mark the point represented by a labyrinth A°, as
depicted in Fig.3.3. The marked point lies over the point My, := M(e°) in the
moduli space, € := 9A°. The distinguished basis C; ", C;,..., C, produced
by the labyrinth A° as in Sect.5.1.1 provides us with the system of coordinates
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Fig. 5.1 The braids € Bry_; and k(i) € Bryq, forg =8,k = 4,andi = {2,3,5,7,8}

Fig. 5.2 The image of the period map I7_— (j%k ) for k = 3,2, 1 (from left to right)

Fig. 5.3 The image of the period map I7T— (3%") for k = 4,3 (from left to right)

¥s 1= (-|C,;7) in the space of functionals over the odd 1-cycles (H; (Mo, R))* =
R¢+1. The hyperplane {yy + y1 + -+ + ¥, = 27} in this space contains the image
of (%’g‘ under the period map I71_.

Theorem 5.4. The set H_(eifi,k), k > 0, is the image under the following linear
map y(h) : R&*2 — RET! of the union of the open simplexes - k(i) - Ag in RS2
taken over all (kg_l)-subsets iand all braids 8 in Brg_j11:

2(hg—s+l_hg—s), s=0,....k—1,
Vs o= (5.6)
=D s=k.....g.

Example. We depict 2- and 3-dimensional images I71_ (Jz;g,k ) of the universal covers
of moduli spaces with simple geometry in Figs. 5.2 and 5.3.

Proof. By Lemma 5.3 the period map commutes with the action of the braid group
B € Brg_j 1, therefore finding the image of I1_ in the space of functionals falls
into the following two steps in a natural way.
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1. Describe the action of the braid group Br,_x 4 on functionals in (H, (Mo))*.
2. Find the J1_-image of a representative of each orbit of the covering transforma-
tion group in .

Step 1. The braid group Bry_44+1 = Mod(e’) has g — k generators f, ... Bg—k
represented by half-twists along curves encircling a pair of punctures of H \ e’
(see Fig.3.3) [21]. The half-twist B, fixes all elements of the distinguished
basis in odd homology apart from C_, | and C,, which are transformed
by the Picard-Lefschetz formula [150]. The corresponding action of the gen-
erator on the space of functionals preserves all the coordinates but two: Sy -
(oo Vsblets Vsthes o) = (oo —Vstdes 2Ys+k + Vs+k—1s - - - )" In terms of the
h-variables related to the coordinates y by formulae (5.6) this corresponds to
Burau multiplication (5.5) of braids by vectors.

Step 2. We lift each point M(e) in the moduli space %’;f‘ to the universal cover,
by attaching a special labyrinth A to the branch divisor e. On the boundary of the
domain H \ I"(M) we mark points vy, vi, ..., Vg41: tWo points on the real axis
to the left and right of the interval I"; one point in the projection of each finite
real oval and one point at each vertex V' € e N H. We denote the index set of the
(g — k + 1) points in the last group by i. We can use our freedom in the choice
of the marked points so that the heights &, := H(vy) satisfy conditions (5.4).
Conversely, each point / in the simplex (5.4) and each admissible index subset i
can be obtained by looking at trees of the form indicated in Fig. 5.4. The first k
intervals in the special labyrinth A are uniquely defined: they are the projections
of coreal ovals. The remaining arcs in the labyrinth connect pairs of complex
conjugate points vy, Vg, s € i, are disjoint from the tree I" (M) (apart from their
end-points, of course), and meet the real axis to the right of the point vy (see
Fig.5.5, where H \ I' is depicted as a horizontal half-strip). To calculate the
period map at a point A in the universal cover of the moduli space one must
integrate the form 7, over the elements of a basis of odd homology of this point
that are translated from the marked point A° € fgk ~H gk . We know that after

Vs V7 Vs iV
Fig. 5.4 A tree generating Yo %»Vf’
the subset i = {2,3,5,7, 8}
Vo |
Vs
V7
Ve
Vs
Vq
V3
V2
V1
Fig. 5.5 A special labyrinth Yo
AinH\T
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the translation of the distinguished basis from A® with the use of the natural flat
connection we obtain the distinguished basis associated with the labyrinth A.
The integrals over its elements can be expressed in terms of the heights ;. Now
we perform the corresponding calculations.

The differential 1), is holomorphic in the simply connected domain H \ A, and
therefore we can define there the global height function

X
H'(x) := Im/ v, xo > I
X0

the branch of the differential is normalized by the condition Res /|0 = —1. The
same equality defines a global height function H(x) in H\ I"(M). In components
of H\ (I U A) the differentials d H(x) and d H'(x) are equal up to sign, which
changes after crossing A or I7. In the domain bounded by the arcs A; and A4 of
the labyrinth and the graph I we have dH'(x) = (—1)"*dH(x).

The value of I1_ on the cycle C; ", s = k, ..., g, is four times the increment of
the height H’ on the right-hand side of the cut Ay - from the real axis to the end-
point v,. The index of this end-point can be conveniently expressed in terms of the
right action of the braid k(i) on the index set s = 0, 1,..., g + 1 by permutations.
For instance, 3 - k(i) = 7 for the braid in Fig. 5.1. Finally, we obtain

Vs = 4(_1)g+sh(s—k)~/((i), s=k,...,g

The value of /1_ on the cycle C;, s = 0,...,k — 1, is equal to twice the
increment of the height H’ between the point v, on the real oval adjoining A, on
the right and the point v+ on the real oval adjoining A, on the left. Expressing the
indices of the points v, and v, in terms of the braid (i) we obtain

Ys = ZH/(V(g_S+1).K(1)) — ZH/(V(g_S).K(i)), s = O, ey k—1.

The heights H'(v«) in the last formula can be expressed in terms of the known
heights h;. For j = g —k + 1,...,g 4+ 1 we find the smallest index m = m(}j)
between 0 and g — k such that j - k(i) < m - k(i). For instance, for the braid « (i)
in Fig. 5.1 we have m(6) = 0 and m(7) = 2. If there exists no such index m, then
H'(vj.)) = hj), otherwise

H' (i) = (H' Vi) = H Omae) + (H Gmeety) — H' Ot nye@y)) + - -
ot (H' Vig—ik—1yx(i) — H (Vg—tyx0)) + H' (vig—r)(i) =
= 2h(g—kyx(i) — 2h(g—k—1)x(i) T 2h(g—k—2)x()) =+ £ 2hmiy F i)

Now the Burau representation allows us to write the results of our calculations in a
concise form. O
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Fig. 5.6 The associated v Vs v
graph of a curve producing A

fixed points of the braid H j i

action on the image of /7 in
the case when H, = H,

Remark 5.2. The last theorem answers exhaustively the first question in Sect. 5.2.
Our techniques give an affirmative answer to the second question: there exist
T-manifolds which are invariant under non-trivial covering transformations of the
universal covering space. In fact, let 1 € k(i) - A, be a point such that for some
s €{l,2,...,g —k — 1} its hy-coordinate is the mean value of the neighbouring
hs—1- and hg-coordinates. (For instance, the I7T_-image of the curve M in the
space %' with associated graph given in Fig. 5.6 has this property for s = 1.) In
this case we can verify that 87! 8,418 - h = h. Apparently, the topology of the
projection of a manifold T onto the moduli space f%’g‘ can be different from the
topology of the manifold itself.

5.4 Problems and Exercises

1. Using the cell decomposition of the moduli space prove that fibres of the period
map from the space c%zzl are cells.

2. Letx,, s = 1,2,..., be different real points lying to the left of —1. Consider the
corresponding real functions ¥/, := f:i num on a fibre T of the period map. Prove
that locally v/, 4 is a real analytic function of ¥1,v2, ..., V,.

3. (Bogatyrev, [37]) On a hyperelliptic Riemann surface M of genus g with real
branch points £1, a,, bs, s = 1, ..., g, consider the form § = w™! ]£[ (x—cy)dx

s=1

¢_. be the map defined by

with real zeros c;. Let {ay, by, cs}f=1 — {A;. 1, vj}j=1

the equalities

¢j aj bj
Aj ZZ/ g, M ZZ/ ég', Vj IZ—/ g, j=1,...,g, 5.7
aj bj—1 ¢j

where by := —1 and the integral is taken over the upper side of cuts made along
the real axis. Show that (5.7) is a real analytic diffeomorphism of the 3g-simplex
described by the inequalities

—“l<ai<ca<b <a<c<b <-<a;<c,<b, <1
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onto the product of the g-simplex defined by the inequalities:

g
0<,U«m Zﬂs<ﬂ, S=1,...,g,

s=1

and the 2g-orthant
O<A]‘, 0<Vj, j=1,...,g.

. Setting & = 5y in (5.3) we obtain a stratification of the moduli space ji’;,k.
Express the coordinate variables y,... Vs é1,...,¢ on a stratum in terms of
the coordinate variables { H(R), W(V)}g.y in &Z[I"] for the graphs in Figs. 4.2a
and 5.6.

. (Birman, [21]) Show that formula (5.5) actually defines a representation of the
braid group, that is, it respects the following relations between elementary braids:
BiBjBi = BiBiBj.li —jl=1and B;iB; = B;Bi.li — j| > 1.

. Show that the map (5.6) sends all the simplexes f - k(i) - A, in the statement of
Theorem 5.4 into the hyperplane {yo + y1 + -+ + yg = 27}.

. Find the periods of the distinguished form 7, on the curve associated with the
Chebyshev spline of type (1,0, k—, k) (see the definition in Sect. 1.1.5).

. Prove Picard-Lefschetz formula [163]: Twisting a surface along its simple closed
loop B sends each 1-cycle C on the surface to C + (C o B)B.

. Show that the fibers of the period map I7— may have several components when
g>k+1.



Chapter 6
Computations in Moduli Spaces

First of all, for an effective calculation of extremal polynomials we require the
solution of Abel’s (6.1) defined on the universal cover of the moduli space. These
equations have been thoroughly investigated in Chap. 5; here we present only the
details required for computations.

On each curve M(e) of the moduli space there exists a unique differential of
the third kind 7, with purely imaginary periods and simple poles at infinity such
that Res Mo, = F 1. This differential is real: J 1y, = 77, therefore the integrals

of 1 over the even cycles CT := JC™* on M vanish. The integrals of 1, over
the odd cycles C~ := —J C~ define the period map locally on f%’;,k . As usual, the
moduli space is multiply connected and the period map cannot be extended to a
global map since going about a non-trivial cycle in %‘;,k results in a change of the
basis of the odd homology lattice. This problem can be eliminated by a transition to
the universal cover of the moduli space.Each labyrinth A lying over a point M (e)
in the moduli space defines a distinguished basis in the lattice H, (M, Z). Namely,
the cycle C,~ corresponds to counterclockwise motion along the sides of the cut A,
on the upper leaf of the Riemann surface M (e). The left-hand sides of the equalities

m Z, s=0,1,....k—1,

—i/ M =27, 5 =0,1,...,g, mse

co n 27, s=k,...,g,
~ 6.1
define the period map I1_: %’;,k — R8T whose values lie in a hyperplane: the
integral of 7y over the cycle Cy” + Cp” + --- + C, is always 27i. We showed
earlier that the period map is a submersion in R$, and found the image of IT_.

The points M of the moduli space associated with real polynomials of degree n
fill real analytic submanifolds of dimension g that are the inverse image, under the
period map, of the lattice defined by the right-hand side of (6.1). These equations
are equivalent to the existence on M of a real meromorphic function with divisor 7 -

(00— —004):

A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 89
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-25634-9_6,
© Springer-Verlag Berlin Heidelberg 2012
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(x,w)

P,(x,w):= exp(n/ nM). (6.2)

(e,0)

Its composite with the Zhukovskii map is a g-extremal polynomial:
Py(x) = (Py(x,w) + 1/ Py(x,w))/2. (6.3)

Now we set up a plan for developing our theory to the level of effective
(numerical) computations. We shall use the representation of the universal cover
of the moduli space as the deformation space {4‘ of certain Kleinian groups. Thus
we uniformize the curves M by the Schottky groups & corresponding to elements
of the space %;. As is known [29, 35, 38], if Schottky’s criterion holds, then
linear Poincaré theta-series of such a group converge absolutely and uniformly on
compact subsets of the domain of discontinuity . Summing these series we obtain
abelian differentials on curves and, in particular, 1,,. After identifying the labyrinth
space ,2”; and the deformation space %é‘ of special Kleinian groups, the cycles
Cr.Co, ..., Cg_ related to the labyrinth are taken to the circles Ci,C,...,Cq
bounding the fundamental domain of the group. The poles co; and oco_ of the
differential 7, are taken to the points +1 and —1, respectively.

Abel’s equations (6.1) and the Chebyshev representation (6.2), (6.3) can be
written also in terms of the global coordinate variables (c;, rs)f=1 in the deformation
space %;. Thereupon we come across the problem of navigation in the moduli
space.

From an arbitrary point in the deformation space one must descend to the smooth
submanifold described by Abel’s equations and moving along it, find the curve M
corresponding to the polynomial P, (x) with prescribed constraints.

The variational formulae of Sect. 6.2.2 enable one to obtain a local solution of
the navigation problem.

6.1 Function Theory in the Schottky Model

Throughout this section R denotes the standard fundamental domain of the Schottky
group G, the exterior of 2g circles £=Cy, £C», ..., £Cq. A point {c;, rs}f=1 in the
deformation space is assumed to be fixed.

6.1.1 Linear Poincaré Theta-Series

We obtain an abelian differential of the 3rd kind 7., with poles at points z and 7’
in the standard fundamental domain R of the Schottky group & by averaging the
rational differential on the sphere over the group [29]:
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Newr (1) 1= Z{Sul_z - Sul_z,}dS(u) - Z{u—lSz - u_lszl}du. (6.4)

NS NS

The two sums are termwise equal in view of the infinitesimal form of the cross ratio
identity

d/duSw(z—7)  S7'z—S77
Su—2)Su—27) (wu—S""2)u—S"'7) S e PSLy(C).  (65)

Differentiating (6.4) with respect to the position of the pole z we obtain abelian
differentials of the second kind:

Ome(u) = DM e () =m! Y (Su—2)""'dS(w),  m=12,... (6.6)
Ses

We obtain a holomorphic differential (that is, a differential of the first kind) by
placing the poles z and 7’ in the same orbit of the group & and isolating in (6.4) a
telescopic sum:

L) i=ns;e= Y {—S8;2)7" = (u—S2)"Ydu =

Se6s

DD =S = (u— 8872 Ydu =

Se6|(s;) m=—00

> fw—Sa) ™ = (u—SB;) " du =

sesl(s))

D AGu—a) T = Su—B)YdSw). j=1.....g: (67

SE(S))e

summation proceeds over representatives of cosets by the subgroup (S;) C &
generated by the element S;; «; and §; are the attracting and the repelling fixed
points of S, respectively. The terms of the sum (6.7) are independent of the choice
of representatives of cosets in view of the cross ratio identity (6.5).

Integrating the series (6.4), (6.6), and (6.7) termwise over the circles {CS};"’= |
oriented counterclockwise, we find the normalization of the differentials under
consideration:

/nzz’:();/wmz:();/ ¢ =2midy: zZ €R s, j=1....g (68)
Cl\v C.\v CA
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6.1.2 The Convergence of Linear Poincaré Series

There is a curious story behind the convergence of Poincaré thetas. H. Poincaré
himself believed that the theta series he introduced always diverged in the linear case
and therefore he used quadratic series (and ones of higher weight). Later Burnside
gave examples of convergent linear Poincaré theta series, and his argument for their
convergence followed that of Poincaré in the case of quadratic series. Having proved
the convergence for several particular cases, Burnside conjectured that linear theta
series always converge for Schottky groups. Myrberg gave a conterexample [110] of
absolutely divergent linear series. Akaza [6—9] showed that absolute convergence is
related to the Hausdorff dimension of the limit set of the group. Finally, Mityushev
[106] showed that linear theta series for an arbitrary Schottky group converge
conditionally, that is, after a certain rearrangement of terms.

In this section we present an estimate for the remainder in a series Y _ |S’(u)| of

s

Eisenstein type over the Schottky group & which is uniform on compact subsets
of the domain of discontinuity 2. It shows that the series (6.4), (6.6), and (6.7)
in the previous section are convergent and yield estimates for their remainders.
Computational practice shows that linear Poincaré series converge slowly if the
distances between neighbouring circles which bound the fundamental domain of
the group are small in comparison with the radii of the circles. Let us introduce a
quantity q characterizing the convergence rates of series for a fixed group &.

Definition 6.1. Let z; < zj, s = 1,...,g, be the points of intersection of the
circle Cy and the real axis. Then we set q := max ¢; > 1, where
s=1,..g
@ Lo 2
1 .= _ . _
2 —zfr zfr +z;
— — + —
gs = Zo41 T & %1 T % 5 1 6.9)
s T 1 TF S =2Z,...,8— 1] .
A A
+ - o+ -
. Zg T2, Zg T3
g~ + o F +°
2% Lg—1 T %

Remark 6.1. This definition has a deficiency: q does not characterize the Schottky
group as such, but rather the fundamental domain R, which is defined with a certain
degree of freedom because the circles Cy, s =k, . . ., g, passing through the complex
conjugate fixed points of the generators G are not uniquely defined.

Definition 6.2. We introduce a norm on the Schottky group & in the usual way,
by setting | S| := the length of the irreducible factorization of the element S with
respect to the generators S; := GGy, j = 1,...,g. Forexample, |S;S,S!| = 3.
It is convenient to visualize the Schottky group in the form of its Caley graph, an
infinite tree often used in illustrations of a nuclear chain reaction (see, for example,
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ISI=0 IS|=1 IS|=2 S| =3
_— S7isyt—
S5 — S.8;! —
A
/ SIS sy
Sl’1 - Sszl - S%Sl’1 -
— — —
1 _— S $,8,87!
\ / SFISZ / S;lSISZ /
\ S, \— S;Sz \— SZSIS2 <
S3 NP
/ S;lSl / SrlSle /
S, < APAY < $15,8, <
St 538,

Fig. 6.1 The Caley graph of a Schottky group of genus g = 2 (only part of branches on the third
level is depicted)

Fig.6.1). We put elements of the group at vertices of the graph and connect an
element S € & by edges with the elements S]ilS, j=1,...,g. Such a tree
is broken into levels containing the elements of the group which have the same
norm. We can introduce a partial order relation on the group by setting S > S, if
S belongs to the subtree of the Caley graph “growing” ! from the vertex Si. The
formal definition is as follows: S > S, < [S| = |S«| + |SS,![; for example,
SI_ISZS3SI_1 > S3S1_1.

Lemma 6.1 ([23,37]). The remainder term of an Eisenstein-type series has the
following asymptotic estimate, which is uniform on compact subsets K of 2(8):

’ < [dit—2 \/a_l [\/q_'_l
|%m(un_[chst (K. A®) +o)(~77) *75—

where u € K, A(6) := CP, \ Z(6) is the limit set of the Schottky group and
o(1) > 0asl — oc.

(6.10)

We preface the proof with several identities, which involve arbitrary linear
fractional transformations G € PSL,(C) and can be verified directly or with the
use of the infinitesimal version of the cross-ratio identity (6.5).

The identities:

(E1) (Gz — Gu)? = (z— u)*G'(z)G' (u),

I'The tree grows in the increasing direction of the norms of its vertices.
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Fig. 6.2 The outer boundary
of SR as the absolute of the
Lobachevskii plane

u; UU = u,

G'(z) u— G looy2
E2 =
( )G’(u) (z—G_loo) ’
Gz—Gu z—Goo u—Goo
E3 = .
( )G‘lz—G—lu 72— G loou— G loo

Proof (of Lemma 6.1). First we show that if S # 1, then the diameter of the outer
circle at the boundary of the shifted fundamental domain SR is greater than the sum

of the diameters of all the (2g — 1) inner circles at least by a factor of :/[%—_Fll . Let

[ug u(‘f ] be the smallest closed interval on the real axis containing the diameters of
all the inner circles in SR, and let [uf, uy’| be the real diameter of the outer circle
(see Fig. 6.2). An interval of fixed non-Euclidean length in the Poincaré disc attains
the maximal Euclidean length in the case when it is concentric with the absolute.
Applying this argument to the interval [u , u(‘f ] and the outer circle of SR, which
we take for the absolute, we obtain

+_ - -y oyt
Uy —uy _ 41 q.=”1_”0.“1_”0
T o R A T

where ¢ is one of the cross-ratios listed in (6.9).

The compact set K contains no points of the form u = S~!oo for elements S of
sufficiently large norm, and therefore the corresponding terms of the Eisenstein-type
series are bounded on K:

-1 —1
roy (E2) / syl =87 001+ 87 o0
> 1S' @) = YIS (=1S (1) I S-Toop <
|S|>1 |S|>1

< [dist2(u, A(S)) +o(D)] Y 1S'(=1)S" (]2,
|S|>1

where 0(1) — 0 as [ — oo. Denoting the diameter of the outer circle of SR by
diam(SR) we obtain the required estimate for the remainder:
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SIS DS O S ST S - S0 = Y 5 diam(SR) =

IS|>1 IS|>1 |S|>1
i Z %diam(SR) < Z Edlam(SR)Z( 11)] <
J=l+1]8|=j IS|=I+1 Va+
Ja9+11./49 Vatiryg-1
=73 [f+1] (L; dlam(SR)) 2 [[+1] =

6.1.3 Arranging of Summation in Poincaré Series

Taking the 1-form 7, as an example of computations, we briefly comment on calcu-
lating sums over a Schottky group. This 1-form can be represented by two different
series over a Schottky group, the sums on the right- and left-hand sides of formula
(6.4). To calculate a term of the right-hand series at, for instance, a vertex S; S of
the Caley graph, we go one level down the tree and take the values of S(z) and S(z)
stored at the vertex S. We store the quantities S; S(z) and S; S(Z) at the vertex S; S
under consideration and later use them to find the term of the series corresponding to
this vertex. This scheme is particularly efficient when we need to calculate the values
of the same series 1), for several values of the the variable u. On the other hand, if
we need to calculate the values of several series 7, at some point u, then we must
store at the vertices of the tree the quantities S () and S’ (), and must use in compu-
tations the left-hand series in (6.4). In either case, to sum the terms of a series located
at the same level of the Caley graph we require only data from the previous level.

Of course, the actual calculations are carried out over a finite subtree of the Caley
graph of a group. If we take it to be a tree of finite height /, then from Lemma 6.1
above we derive an a priori estimate for the summation error. Practice shows that
there is no sense in spending resources on the summation of small terms of the
series until we take into account the larger ones. Hence it is more economical to
take another subtree, which is determined in the process of calculations. Namely, if
a term at a node § is less than some prescribed accuracy ¢, then we need not carry
out further computations for the subtree starting from this vertex. In Lemma 6.3 we
provide estimates showing that the sum of the series over this infinite subtree has
the same order as the term at its root .S. With calculations organized in this way one
knows the error only after the end of the process (a posteriori error estimate).

We require the following technical result.

Lemma 6.2. The following two-sided bounds hold for some constants N and N,
depending on the parameters of the standard fundamental domain R of the group &:
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) ,
-1 diam(SR)

<
' = diam(S—'R) —

where S is an arbitrary non-identity element of S;

@)

Ny, (6.11)

diam(S«R) _
diam(SS«R) —
where S and Sk, SSx > S« # 1, are elements of G; u € R.

Ny < 18 (Sw)] N, (6.12)

Proof. 1. The real diameter of the outer circle of the shifted fundamental domain
SR has end-points Sz and Su, where z and u lie on the boundary of R. Hence

diam(SR) - Sz — Su
diam(S—'R) ~ IS~ 17— S~ 1u

u— Soo

(15_3)) z—So0

<
z—Sloollu—S-lool —

2 2
= (@@ a@y *o0) =M o> 0asis| >

To obtain the lower bound we take real z and u on the boundary of the
fundamental domain R such that dist(S ™'z, S~'u) = diam(S~!R).

2. For suitable real points z and w on the boundary of the fundamental domain R
we have the chain of inequalities

diam(S«R) _
diam(SS<R) —
—_q-1 _q¢—1 .
_ [Sez= 87 00||Suw — S oo - (1 .dlam(S*R) )2 <N,
[Seu— S~ Toof? dist(S«R, S~IR)

Sxz2— Sxw | (E1).(E2)
15'(S< ()| 1SSl 5 |

Indeed, the inequality SSx > Si is equivalent to the fact that the irreducible
factorizations of Sy and S™! start with distinct letters. Hence the domains SR
and S7!R lie in different “holes” of the fundamental domain R. The distance
between them cannot be small, however the diameter of SxR tends to 0 when
|S«| = oo. The lower bound is obtained in a similar way. O

The following result justifies the algorithm for finding the sum of a Poincaré
series over a subtree of the Caley graph that is only determined in the process of
computations .

Lemma 6.3. If S«is a fixed non-identity element of G, then

M > S| < N3|SL(w)], ueR,
S>5.

) S% 1S(@) — S| = N3|S«(2) = Sx ()], z.u € R,

where Ny = NZN>(/q + 1)/2.
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Proof. 1. We use identity (E1) and the bounds in Lemma 6.2:

)3 )j—uSS*u = 1SL] Y IS (S| <

S:88x>S% S:88x>Sx

diam(SS«R) _
diam(SxR) —

diam(S;'S™'R)
diam(S«R)
(6.13)

ISLEININ, Y

S:58%>Sx

< ISL@INy Y

S:858%>Sx

The domains S, 1S—IR with §S,. > S are nested in the holes of one another,
so we can repeatedly use the inequality in Lemma 6.1 for the ratio of the sum of
the diameters of the inner circles and the diameter of the outer boundary of the
domain. Now we continue (6.13). The right-hand side does not exceed

, diam(S;'R) =/ /G — 1\J . 5
ISLEINN e ;0( Vai1) SIS@INNaE /2

2. In fact, the second estimate follows from the one above:

3 18Skz = SSaul Z [Suz—Seul Y [S/(S22)S (Saw)]'? <
S:585%>Sx% S:58%>Sx
diam(SS«R) _

coo < Ns|Suz—Saul. 0
diam(S,R) — = Swz=Su

< |S*Z—S*M|N2 Z
S:8Sx>Sx

6.1.4 Automorphic Functions and Their Derivatives

Schottky functions [29, 132] are the exponentials of the integrals of the series (6.4)
and (6.7) and can be evaluated effectively:

u u—Sz u -8z
(u, M/§Z,Z/) = eXP/;/ Nz = Sl:(L u—S7 : W —S7’ (6.14)

“ u—Sa; .
E;j(u) :=exp/ =[] M_Sﬁ{, j=1....¢g (6.15)
o SesI(s;) /

They are transformed by well-known formulae under the action of the group &:
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(Sju,u';2,2) = (uu':2,2)E;(2)/ Ej (), (6.16)
Es(Sju) = Es(w)Ey;. (6.17)

Here Ej;, the exponential of the period of the holomorphic differential, has the
representation

Sa;—a; SB;i—a .
E;, =E; = / e ,Lj=1,....g 6.18
1j jl l—[ SOlj _ﬁl Sﬁj _ﬁl J g ( )
SE(S)ISI(S))

where we take the product over two-sided cosets in the group & and for j =/ the
coefficient 0/ oo corresponding to S = 1 is replaced by the dilation coefficient A; :=
S [/ (C\{/).
A non-trivial meromorphic function on the orbit manifold of the group & can be
expressed in terms of the Schottky function.
deg F
Lemma 6.4. Let F(u) be an automorphic function with divisor 'y (z; —z’j) in the
j=1
SJundamental domain of the group &. Then the following representation holds:

deg F g
F(u) = const- [ u.x:2;.2) [ EM ). (6.19)
j=1 s=1

where my € 7 is the increment of (2mi)~" log F(u) over the cycle Cy. The deriva-
tives of the automorphic function F(u) with respect to the independent variable are
calculated recursively by the formula

m deg F

DI Fw =Y (,;) Dy~ Fw)- D!

=0

nz,'z;-

g
{s
E s— |- 2
du +s=1m‘ du (6.20)

Jj=1

The derivatives of coefficient of the forms 1.,y and {s are represented by absolutely
convergent series:

D[] =1y 457 =0T = (2= w7, 6.21)

Se6s

D;[%(u)] =010 > ASB —w T = (Say —wy TN (6.22)

sesl(s))

Remark 6.2. The constraints imposed by Abel’s theorem on the divisor of F are
precisely the conditions for the automorphy of the right-hand side of (6.19).
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Proof. We expand the meromorphic form d F/ F in a sum of third-kind differentials
deg F g

and holomorphic differentials: dF/F = ) Ny + > m&;. Integrating to u and
ji=t 77 s=1

exponentiating we arrive at (6.19). Differentiating repeatedly the composite func-
tion F(u) = exp( JLdFJF ) by the binomial formula we obtain (6.20). Effective

expressions for the derivatives of the differentials in the formula can be derived
from Riemann’s bilinear relations:

Newt _ z _ z . Cj _ Sjw
du (w) = D, ) Nuw = ) Wiy, E(u) = wy, forallwe 9.
Z Z w

Differentiating the required number of times with respect to the parameter under
the integral sign and integrating termwise we obtain the series (6.21) and (6.22)
absolutely convergentin 2. O

6.2 Variational Theory

In connection with the solution of Abel’s equations on the deformation space %éf‘ we
are interested in the “reaction” of the Schottky functions (6.14) and (6.15) and the
multipliers (6.18) on perturbations of the group &. Recall that the deformation space
of the group can be realized as a domain in the Euclidean space with coordinates
{cs, rS}f=1 satisfying inequalities (3.5), (3.6), and (3.7).

6.2.1 The Analytic Dependence of Differentials on the Moduli

A well-known thesis [4, 34, 73] states that normalized abelian differentials on
a Riemann surface depend in holomorphic fashion on its “natural” moduli (for
example, the position of the branch points or the entries of the period matrix). In
our case this means that the coefficients of the forms under consideration depend
analytically on the variables (cy, r;u), s=1,..., g, in the (2g + 2)-dimensional
region @%gk formed by the values of the moduli (¢, r) € 54; and the uniformizing
variable u, which itself ranges over the domain of discontinuity & depending on the
moduli ¢ := (cy,...,¢;) and r := (r1,...,rg). For example, this is a consequence
of the absolute uniform convergence of the corresponding linear Poincaré theta
series on compact subsets of .@%;. Below we present an approach which is valid for
arbitrary Schottky groups, even when the linear theta series are divergent. It is based
on an algebraic representation for differentials [16] and on the analytic dependence
of algebraic moduli, points in the normalized branch divisor, on the transcendental
moduli (c, r).
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Lemma 6.5. The coefficients {; /du, 1.7 /du and wm;/du of the differential forms
are analytic in the domain .@%;, apart from the manifolds corresponding to the
poles of the meromorphic differentials.

Proof. This is a local result, and so we verify it in a neighbourhood of a marked
point in the deformation space. Let f(e,x) € QC be a quasiconformal defor-
mation (3.4) of the Riemann sphere depending on a normalized divisor e =
{=L1lei...,ex}~ ¢’ as a parameter. We know from Theorem 3.5 in Chap.3
that a small complex 2g-dimensional neighborhood of the marked point €° (the
symmetry e = € no longer holds) is biholomorphically mapped to the complex
neighborhood of the marked point in (c, r)-space. In the notation of Theorem 3.5,
the projection x(c,r;u) := x/©)(u) = f(e.x°(f~'(e,u))) of the domain of
discontinuity of the deformed group onto the Riemann sphere is holomorphic with
respect to the variables in the source domain. Also the function w(c, r; u), connected
with x(c, r; u) by the algebraic equation

2g
w?= (=D []x - e, (6.23)
s=1

depends holomorphically on its variables.
In the algebraic model (6.23), a holomorphic 1-form on the curve has a
representation
g—1
E=w') bix/dx. (6.24)

Jj=0

The normalized holomorphic 1-forms {; are distinguished by the conditions
—i fc, {s =2nd;, j,s=1,...,g. The left-hand sides of the normalization

conditions depend linearly on the b;, and so all the dependence of the coefficients
on the variable branch points is accumulated in the matrix H /. c wlx/dx H of size
s Sj

g x g. This is a non-singular matrix (otherwise the curve (6.23) carries a non-trivial
holomorphic form with zero periods over all the cycles C,, which is impossible
by Riemann’s relations). We see that the b; in the expression for a normalized
differential are holomorphic functions of the branch points. Now it is clear from
the representation (6.24) that the function {,/d u depends analytically on (c, 7; u) in
the set where w # 0 and x # oo. However, its singularities on this exceptional set
are only apparent; to see this we can use Weirstrass’ preparation theorem [69, 135]
or write out a representation for {; in terms of an appropriate local parameter on
the curve.

For a third-kind differential, in the framework of the same model (6.23) we have
a representation

wle,riu) +wle,riz)  wle,riu) +W(C’r;z))‘21—:f} +¢. (6.25)

N (c,riu) = (

x(c,r;u)—x(c,r;z) x(c,r;u) —x(c,r;2)
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For fixed points z and 7’ the periods of the meromorphic differential on the right-
hand side of this expression depend holomorphically on the moduli (c, r). Hence
the coefficients of the holomorphic differential { compensating for these periods are
also analytic functions of the moduli. We see from the algebraic model (6.25) of
the differential that the coefficient 7, /du depends analytically on (c, r;u) on the
setw # 0; x # oo; x(c,r,z) # x(c,r,u) # x(c,r, 7). The singularities on this
exceptional set are only apparent, provided that # does not lie in one orbit of the
group G with the poles z and 7.

Note that the expression (6.25) for the differential also depends holomorphically
on the position of the pole z. Differentiating repeatedly the coefficient of the
1-form 7, with respect to z we obtain the required result also for the abelian
differential w,,, of the second kind. O

6.2.2 Variations of Abelian Integrals

The abelian integrals, with prescribed limits, and their periods are functions of a
point in the deformation space %é‘ . For example, the expressions

/ nzz’;/ wmz;/ wmz;/ é-s; é-s; s, j=12,...,g, (6.26)
v v Sjv y Sjv

with fixed points z, 7’; v, V' in the fundamental domain of a Schottky group & depend
on the moduli {cy, rs}*_,. A small perturbation {Sc, 8r,}5_, of the moduli results

in small perturbations of the matrices S i € GLy(R) corresponding to the generators
of the group G&:

02r;

o ERAAE R M TR

H8r]+o j=1...,g
(6.27)
the sign F is equal to “—" for j = 1,2,...,k — 1l and “+” for j = k,...,g;

0:= o(i |6cs| + |5r5|).

s=1

Cj

Theorem 6.1. The variations of the functions (6.26) are described by the formulae
v g R
§ / n= Qi) Z / Ny () - eM(u) 88, - S;7'/du+o0,  (6.28)
v =1 C;

v g
S/Sjv n= Qi) /;/a N (u) - M) - 8S; - 7' /du+o0.  (6.29)
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All the objects on the right-hand sides of these equalities relate to the unperturbed
group; the circles C; are counterclockwise oriented; n(u) is one of the differentials
N Cs, and wp, with normalization (6.8); M(u) := (u, 1)’ (—1,u) € s, (C) is the
Hejhal matrix; o := O(Xg: |6cy| + |5r5|).

s=1

REMARKS. 1. Formula (6.28) resembles Hadamard’s formula for the variation of
the Green’s function. Similar formulae were used by Schiffer and Spencer [130],
Rauch [124, 125], Ahlfors [5].

2. Expressions on the right-hand sides of the variational formulae are similar to
periods of the Eichler integral of the quadratic differentials 7,1,., {; 1. and
£;¢;. Connections between variation of the monodromy of projective structures
(such as the Schottky uniformization under consideration) and the Eichler
cohomology were discovered in [57,74, 80].

3. The variational formulae (6.28) and (6.29) agree with numerical experiment.

Proof. We label all the objects related to the unperturbed group with the super-
script 0. The fundamental domain R lies in the domain of discontinuity of the
slightly perturbed group &. Hence the difference §y(u) of the abelian integrals
y(u) = f “nand y'(u) = f “7°, which have the same singular points and are
similarly normalized, is single-valued and holomorphic in R?. We have the chain of
equalities

(2mi)s / 1= 27 Gy () — Sy () =
. / 8y ()7, (1) = — / Y, @.  (6.30)
0RO 0RO

Indeed, by a change of variable we can transform the integral of y°(u) '78»/ (u) over
the circle —C 10 into an integral over the circle C 10 and then use the equalities
yO(S,Ou) — y°(u) = const and fclo n(v)v, = 0. We continue (6.30) as follows:

v g g
. _ _ 0=l W0 _ 0y—1 0.
enid | =) | 0= (S =3 | -y S o,

(6.31)
here we use the same arguments as before: the difference between y(S;u) and y (u)
is a constant. Keeping only the linear parts of the expansion of S; (SIO)_l u in powers
of the variations of the moduli we get that

v 4
(2m)8/ n= Z/Co M) - 88, - (S) "0, wyn(w)/du+ o =
v =1 i

g
> M@ - 851 (9 (0 /du +o.
=176
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In the last equality we have used the estimate |1(u) — n°(u)| = 0(1)d u, which is
uniform on the circle C [0 and follows from Lemma 6.5 on the analytic dependence
of differentials on moduli.

The remaining variational formula (6.29) is obtained by passing to the limit in
(6.31). For the variation of a period of the abelian differential we have

v v v v S0
J

5/ n:=/ n—/ 0 = (n—n°)+/ . (6.32)
Siv Siv S;)v S?v Siv

In fact, we found the first integral on the right-hand side of (6.32) at the previous
step of the proof: continuing both sides of (6.31) inside the circle CJQ analytically in

V' and passing to the limit as v/ — SJQ(V) we obtain

v g
27i /so h-n")=> /co(y(“) — Y(SiSP) T )Y — 2i (y(Shv) — y(S;v)).
77 I=17%

Hence

v g
27”'5/& n= Z/CO(y(u)—y(Sz(SlO)—lu))@?(u),
v =1 i

and so expanding S; (S l())_lu in powers of the variations of the moduli we arrive at
the expression (6.29) for the variation of a period of the differential. O

The direct computation of the variations by formulae (6.28)—(6.29) is expensive
because quadrature formulae require the calculation of series at many points.
However, there exists a way round allowing us to arrive at the result after calculating
the series only at 2g — 1 points. Here we are based on Hejhal’s paper [72], in which
the map

E(u)(du)2£>/ E@M@w)du, m=1,...,g, (6.33)
Cm

from the space of (meromorphic) quadratic differentials into s[, (C), which occurs in
our variational formulae, was explicitly calculated for (relative) quadratic Poincaré
theta series.

6.2.3 Quadratic Poincaré Theta Series

Let T be a non-trivial element of the group & with fixed points « (the attractor)
and B (the repellor) and the dilation coefficient A := T’'(«), |A| < 1. Consider
the following quadratic differentials on the Riemann sphere, which are regular at
infinity:
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Ry (u)(du)® = [(u—a)(u—B)] 7 (du)*;

RF (w)(duw)? =~ u—)u—a)u—p)] " (du?, z7eR;
REu)(du)*:=(u—2)"(u—a) "(u—B)""(du)?, zeR; (6.34)
REw)(du)*:= (u—2)" (=) (du)’;

RPEu)(du)* = (u—2)""(du)®, p=4,5,...

Apart from the first differential R (du)?, on the limit set of the group & these
differentials have simple poles at worst. We average them over the group:

O [R)(u)(du)? := Z R(Su)(dS(w))>, R=RZ,R¥ R¥ R% .. (635)
Se6

Then we obtain G-invariant meromorphic differentials with poles (of various orders)
at points in the orbit of z (and also in the orbit of Z’ in the case of R = RZTZ/). That
the quadratic Poincaré series (6.35) is convergent follows from the classical area
estimates [85, 120, 123] and—in our case—also from Lemma 6.1 on an estimate for
the remainder of a linear Eisenstein-type series. The remaining differential R (d u)?
is invariant under the action of 7', and so the quadratic Poincaré series diverges.
However, the relative Poincar€ series

O[Rr)W)(dw)’ == Y Rr(Sw)(dS(w))’, (6.36)
Se(T)|&

formed (up to a constant factor) of the squares of the terms of the convergent series
(6.7), converges. This gives us a holomorphic quadratic differential on the orbit
manifold of the Schottky group &. Starting from Hejhal’s formulae from the next
section, we shall construct an explicit basis of quadratic Poincaré series (6.36) in
the space of holomorphic quadratic differentials on the curve M. Picking quadratic
Poincaré series with suitable singularities we can always represent a meromorphic
quadratic differential = (u)(du)*> on M as a finite sum of series of the form (6.35)
and (6.36). Here we point out that, as follows from the Riemann-Roch formula [60,
69, 137], there are no constraints on the principal parts of singularities of quadratic
differentials (by contrast with linear differentials).

6.2.4 Hejhal’s Formulae

Here we calculate explicitly the Hejhal map (6.33) for the quadratic Poincaré theta
series under consideration. We state the result in terms of elements of the Schottky
group accompanying a fixed element T’ € S.
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Definition 6.3. For fixedm =1, ..., g we define the elements 7'; (m) of the group
& accompanying an element T. Suppose that 7" has the following irreducible
factorization with respect to the generators, in which we indicate all the occurrences
of S,

T =(Se...S...82 S S)(Sa...8m .. .85 ... 8g)-
S(SLLSE Se o SE ST, (6.37)

m m m L]

gj = £1; SASy # 1. Then we set

(S
Tj(m):=(Se...SE...82...S)- | j=1,....5 (638)
) ‘c/‘j:_ 5

Example 6.1. Let T = S355 " (515,53)5257"; then there are two elements accom-
panying T form = 2: T1(2) = S3S2_1 and 75(2) = S3S2_1S1. For m = 3 we have
T:(3) =1land T>(3) = S3S2_1S1S2.

Theorem 6.2. For quadratic Poincaré theta series (6.35) and (6.36) the Hejhal
map (6.33) is the finite sum presented in Table 6.1 (T is the matrix representation
for the element T of G).

Proof. We demonstrate all the methods of calculations with the first two lines of the
table. Note first the key Hejhal identity

M(Su) = SMu)S™'S'(u), S € PSL,(C). (6.39)

Table 6.1 Hejhal map for (relative) Poincare quadratic theta series

R(w) Je. Oa[RI@M(w)du
Rr(w) (az_%; ) e
R @ = [él A e =7 G —hz/;((?— 5{Trom +
+ 3 e M e —Azh)ﬂg)—z'ﬁ"(m)}
R W) azilﬂ [é Ty o ){ (aMfaz))z B (t'iw iﬂ)ﬁ} Tjm +
AN
RY () ((12_#@3 [jél e 17 mM@)T; (m) + ,;H T M@ (m)]

RP(u) 0p=4.5,...
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A. With the help of this identity we transform the expression for the Hejhal map of
the relative quadratic Poincaré series &,[Rr]:

/C, O [R7)(w)M(u)du = Z N {/S Rr(w)M@u)dug S

Se(T)|& Cn

To calculate the last integral it is sufficient to find all transformations S in the
group for which the poles of the function Ry () lie inside the circle SC,, and
also to determine the orientation of this circle. It is clockwise (conterclockwise)
oriented if the domain SR lies inside the circle (outside the circle, respectively).
To find the required elements S of the group we use the Nielsen ordering, when
points in the limit set of the group & are coded by irreducible infinite words on
the alphabeth {Sjil, j =1,..., g} Finite initial pieces of such a word take the
standard fundamental domain of the group to contracting neighbourhoods of the
corresponding point in the limit set. For example,

o~ (Se... S . 82 ST SO(SA... ST S5 Sg)-
(Sa L. St SE L SO (SA L. St LU SE L Sy) ..
B (Se. SE . S ST LSS S Sy TSy

S(SS S Sy TS
The required transformations S can be expressed in terms of elements accompa-
nying the fixed element 7" of the group:of the group; they are listed in Table 6.2
Estimates for the length of an irreducible factorization with respect to the
generators show that the elements 7y(m),..., Ty(m), Tiy1(m), ..., Ts(m)
accompanying 7 lie in different right cosets of the Schottky group & by the
subgroup (7). If we find the residue

Res,—a Rr (0M(w) = (@ — B)>M'(@) — 2(@ — f)*M(@) =

=(@—p)" H‘Hﬂ azfﬂ ﬂH (6.40)

and a similar residue of Rr(u)M(u) at u = f, we obtain the right-hand
expression in the first line of Table 6.1. Note that (6.40) is an Ad T -invariant
matrix, as follows from the identity

v R

so the result of calculations is independent of the choice of representatives of
cosets by the subgroup (7°) in Table 6.2.
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Table 6.2 Group elements which give nonzero terms of Poincare series ®@,[Rr]

The pole S € G such that the pole lies inside SC,,

u=uo Ty(m),..., Ti(m); TiT;41(m), T9Ti42(m),..., TTs(m), q=>0
u=2p Ty(m),..., Ti(m); TiT,(m),T1T,—1(m),..., T9T141(m), q<0

B. Now we transform the expression for the image of the series @z[RZTZ/] under the
map (6.33) using Hejhal’s identity:

/c,,, O [RF )My du =y S*—l%/scm RE (uM(u)dug S.

Ses

Note that the points z,7 € R lie outside all the circles SCy, while & and f
lie inside S Cy only for the elements S listed in Table 6.2. To find the sum of
the residues S~ Res,=qp RZTZ/ (u)M(u)S’ over the elements in Table 6.2 we must
know the values of the series

Y TIM@)T4 =" XM(a) = M(@)/(1 — 1)
q=0

q=0

and

Y OTIMBT ™ =) AIM(B) = AM(B)/(1 — 2).
q=1

g=1

Calculations yield the right-hand expression in the second line of Table 6.1. O

6.2.5 A Basis of Quadratic Poincaré Theta Series

Now using Theorem 6.2 we the calculate Hejhal map for several simplest (relative)
quadratic Poincare series and put them to the Table 6.3.

Corollary 6.1 (to Theorem 6.2). For T=S,Ss,...,Se; S1S;7'S1, S187'S1,
...,Sng_lSl the quadratic differentials in (6.36) form a basis in the (2g — 1)-
dimensional complex space of even (= invariant under the hyperelliptic involution
J ) holomorphic quadratic differentials on M.,.

Proof. We shall verify that the quadratic differentials in question are invariant under
hyperelliptic involution on M, (which acts as # — —u in our model). In fact, all
the motions 7 in the statement satisfy the relation 7(—u) = —T ~!(u) since each
generator S; := G; Gy is a composite of two rotations of order 2. Hence (a) a(7") +
B(T) = 0 and (b) the involution J of the group acting by the formula JS(u) :=
—S(—u) induces an involution on the right cosets (7')|& of the group. These two
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Table 6.3 Several simple
T O:[R M(u)d
Hejhal maps f.Cm 2£) ] (M) du
T o
S 2 o)
— im A 0 «o a—1
Sss —aSile0)S
—1 im0 & (0 aya_,
7S, (o )+ S g8

Table 6.4 The values of quadratic differentials @,[R7](du)? at 2g — 1 function-

als A; and [t
T (Al (Al (Al (ol (ual) o (el
S Ly 0 0
S» 0 L, 0
0
S, 0 0 o L
S185°'S, M, 0 .0
S1857'S, 0 M; 0
*k
SIS;lSl 0 0 o M,

observations allow us to conclude that &,[R7] is an even function of u for 7' under
consideration.

To prove that the system of quadratic differentials in the statement is complete
we consider the linear functionals (A;|Z) and (u;|Z) on the space of quadratic
differentials = (u)(du)*> which are defined as the entries (1,2) and (1,1) of
the matrix fc, E (u)M(u)du. Using Table 6.3 we can write down the matrix of
the values of the 2g — 1 functionals (A{|-), ..., (Agl); (K2l), ..., (Hgl-) at the
quadratic differentials ©,[Rr](du)? (see Table 6.4), where L; = imra~'(S;)/2
and M; := :tina_3r1_2c1(oc2 — az(Sl))/Z, oc::oz(SlSj_lSl). It follows from the
equality «? = &?(S;) that «(S)) is a fixed point of the transformation S;, which
is impossible for j # 1. Thus the diagonal entries of the matrix are distinct from
zero, the matrix is non-singular and the quadratic differentials in question do form
a basis. O

Now we show that we can use quadratic Poincaré series to calculate directional
derivatives of the abelian integrals (6.26) in the moduli space. To find the derivatives
of periods of the holomorphic differentials {; in (6.29) we use the holomorphic
quadratic differentials ¢;¢;. They are invariant under the involution of M, and so if
we know the coefficients of the expansion of ;s with respect to the explicit basis
of quadratic Poincaré series, we can use Table 6.3 to calculate the Hejhal map with
E(du)* = ¢¢&. To find the coefficient of the expansion it is sufficient to have a



6.3 Calculation of Polynomials 109

complete system of effectively calculated functionals on the space of even quadratic
differentials,

Lemma 6.6. Fix a local system of coordinates at 2g — 1 points on the hyperelliptic
curve M such that no two points among these are interchanged by hyperelliptic
involution. Then the values of the coefficients of quadratic differentials at these
points form a complete system of functionals over the (2g — 1)-dimensional space
of even holomorphic quadratic differentials.

Proof. Note that the completeness of the so-introduced system of functionals is
independent of local systems of coordinates at the fixed points pi, ps, ..., prg—1 €
M because a change of variables results in multiplying the functionals by non-zero
constants.

Consider a second-degree function x € C(M) taking finite values at the points
under consideration and also consider w € C(M) related to x by an equation w? =
Py 12(x), where Py, is a polynomial of degree 2g +2 with simple zeros. Without
loss of generality we assume that w is distinct from zero at the points py, pa, ..., pm
on M, and take x for a local variable at these points; at the remaining (ramification)
points P41, Pm42.-- ., P2g—1 We take w for a local variable. The values of the
functionals in question at the basis w2x/ (dx)z, j=0,...,2g —2, of the space of
even quadratic differentials [60] make up a matrix with (j, s) entry equal to

W_z(Ps)xj(Ps), s = 1,...,m,
4(P2/g+2(p5))_2xj (ps), s=m+1,...,2¢ —1.

Multiplication by a diagonal matrix on the right transforms it into the Vandermonde
matrix || x/ (py)]||. By hypothesis x(p;) # x(py) for p; # ps, and so our matrix is
non-singular and the functionals in question form a basis of the dual space. O

In the case of meromorphic quadratic differentials 7., $jNww/s OmzMwws
wm:C; we can pick a sum of quadratic differentials of the form (6.35) with suitable
singularities and can expand the remaining holomorphic part with respect to an
explicit basis [72] of relative quadratic Poincaré theta series. However, we use in
applications only even meromorphic quadratic differentials, so the above basis will
be sufficient for our aims.

6.3 Calculation of Polynomials

6.3.1 A Parametric Representation

As an application of Lemma 6.4 under the assumption that Abel’s equations are
satisfied we find a parametric representation for g-extremal polynomials which can
be effectively calculated.
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The circles Cy, C5, ..., C; make up half the canonical basis of 1-cycles on the
compact curve M, := 2(&)/&. Hence [60] abelian differentials on the curve can
be normalized by prescribing their periods along these circles. In particular, the
distinguished form 7, on the curve M with periods prescribed by Abel’s equations
(6.1) has a representation

4
mg
=+ ) (6.41)
s=1

Now we readily obtain an expression for the Akhiezer function Isn(x, w) in terms
of the uniformizing variable u:

8
Py(x.ow) =T = (uoo: =1 1)" [T ET (w). (6.42)
j=1

The polynomial P,(x) corresponding to the curve M can be obtained from this
by taking the composite with the Zhukovskii map (6.3). In a similar way we find
the independent variable x () (in general, defined up to an affine transformation)
normalized by the condition u = (0, 1, 00) — x = (0, 00, —1):

x(u) = —(u,00;0,1)(u,00;0,—1) = —(u, 00;0, 1)(—u, 00;0, 1). (6.43)

Using formula (6.20) one can calculate the jets of the functions 7 (u) and x (u),
and therefore the derivatives D' P,(x), m = 0,1,2,..., of a fixed parametrically
defined g-extremal polynomial. In terms of the values of these derivatives at various
points one can express the constraints of the optimization problem: for instance, the
two leading coefficients of P, (x) are the values of P,x™" and (nP, — xD, P,)x'™"
foru = 1.

6.3.2 Abel’s Equations in the Space %gf‘

Of course, a meromorphic function with divisor n(co— — co4) does not exist on
each curve M,. Conditions for the automorphy of the Akhiezer function (6.42) in
the previous sections are equivalent to Abel’s equations (6.1).

Theorem 6.3. Abel’s equations (6.1) are equivalent to the real relations

m

EX(1)=EMNEY .. Epf, s=1,...,g. (6.44)

Remark 6.3. Conditions similar to (6.44) first appeared in Akhiezer work [9].

Proof. We can formulate Abel’s equations as follows: the differential (6.41) nor-
malized by condition (6.1) must have purely imaginary periods on the curve. This
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condition always holds on the cycles Cj, C, ..., C, in view of the normalization
(6.8) of the holomorphic differentials. Let A;, j = 1,...,g, be an arcin R N H
joining the real point u € —C; and S;u € C;. Using the intersection form we
can verify that the 2g cycles Cy, ..., Cg; Ay, ..., A, form a basis of the lattice
of 1-cycles on the compact curve M, := Z(6)/&. Now we want to know when
the integrals of n* over the new cycles A; are also purely imaginary. We project
A onto the space of odd cycles (see Fig. 6.3):

0, j=1,.. k-1,

A —JA; =
S %iQ,j:k”qg

Since the differential n* is real, taking account of the normalization conditions (6.8)
we obtain the chain of equalities

1 0, j=1,...,k—1,
Im nn = < nn* =
A 2 Ja;-Ja; trim;, j=k,....g
Note that ImfAj nn* € 2miZ since m; is even when j = k,...,g. Hence

the periods of n* are purely imaginary if and only if exp( S Iy m;*) =1. The
transformation rules (6.16) and (6.17) for the Schottky functions transform these
equalities for j = 1, ..., g into the statement of the theorem. O

6.3.3 The Scheme of the Algorithm

Now we describe the scheme of the solution of least deviation problems in the
framework of our approach:

1. Given the problem data, find the topological invariants g and k and the integer
indices mg, my,...,mg corresponding to the solution P,(x). This is related
to finding a low-dimensional face of the sphere {Q,(x):||Q.llz = const}
in the space of polynomials which contains the solution P,(x). The integers
mo,my,...,mg can be guessed: their range is known from Theorem 5.4.
Sometimes we know the asymptotic values of m,/n as n — oo, for instance, in
the least deviation problem for a monic polynomial on several intervals of the
real axis [156].
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Fig. 6.4 The extremal polynomials P73(x) forg =2andk = 3,2, 1

2. In the domain géf‘ explicitly defined by inequalities (3.5), (3.6) and (3.7), make
a descent onto the smooth g-dimensional submanifold T described by Abel’s
equations (6.44) in Theorem 6.3. Locally, navigation in the moduli space is
performed with the help of variational formulae (6.28) and (6.29) enabling one
to implement Newton’s or other descent methods [31]. For instance, in [37] a
descent is performed along the gradient of the smooth distance function from the
manifold T with respect to a certain metric.

3. Using formulae (6.20) for derivatives of automorphic functions and variational
formulae for abelian integrals, find on T a point M corresponding to a
polynomial satisfying the constraints of the least deviation problem.

4. Recover the solution P,(x) from the associated curve M using the parametric
formulae (6.3), (6.42), and (6.43).

In Fig. 6.4 we plot the graphs of 2-extremal polynomials of degree n = 73
calculated by means of a software implementing steps 2, 3, and 4 of this scheme.

6.4 Problems and Exercises

1. Show that the cross ratio of four points ;=" : 7= does not change after a linear
fractional transformation (applied to all the points). From this deduce identity

(6.5).
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10.

1.

12.

13.

14.
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Show that 1,/ (1) = n—,—y(—u).

Hint. Use the involution (J.S)u := —S(—u) on the group &.

Show that a line interval of fixed Euclidean length in the Poincaré disc has the
minimal non-Euclidean length if it is concentric with the absolute.

Assume that the domain of discontinuity 2 of a Kleinian group & contains

the point at infinity. Show that the linear Eisenstein-type series Y |G'(u)] is
Geo
convergent or divergent simultaneously for all points # in & apart from the

orbit of u = oco. Show that this series is convergent if and only if the sum of the
squares of the radii of all the isometric circles of transformations in the group
is finite.

. (Tsuji, ([149]) Show that the series Y |G’(u)| diverges for a finitely generated

Ge®
Fuchsian group & of finite volume. Generally speaking, convergence of series

of Eisenstein type is related to the Hausdorff dimension of the limit set of the
group [8].

Show that the limit set of each Schottky group in the deformation space %éf‘ has
linear measure zero.

Write out the automorphy conditions for the right-hand side of (6.19). Show

that these conditions are equivalent to the ones imposed by Abel’s theorem on
deg F
the divisor Z (zj — 2;) of an automorphic function F (u).
=1

. (Rauch, [124 125]) Consider a canonical homology basis Ay, ..., 44; Cy, ...,

C, on a Riemann surface M and the holomorphic forms { on M normalized
by the equalities fcj {s =0,;. A deformation of the complex structure on M

is determined by the Beltrami differential ndz/d z. Prove Rauch’s variational
formula for the period matrix: § fA, &= [iy &Cindz/dz + o(||pl)).

(Poincaré, [121] and Ford, [64]) Assume that the domain of discontinuity of a
Kleinian group & contains the point at infinity. Show that the quadratic series

of Eisenstein type Y. |G’(u)|? is convergent.
Geo
(Kra, ([85]) Let R(u) be a rational function with poles in the limit set of a

Fuchsian group &. Investigate the convergence of the quadratic Poincaré series

Oa[R](u) := Z R(Su)(S'(u))*.

Let T'(u) be a hnear fractional transformation with fixed point & and dilation

coefficient A := T’(«). Show that (&, 1) is an eigenvector of the matrix T e

SL, representing 7" which corresponds to the eigenvalue VA

Show that the holomorphic differentials ¢; in (6.7) and the meromorphic

differentials 7., in (6.4) with poles at z, 7" € R are real differentials.

Show that to find the argument x (1) of a polynomial, alongside (6.43) we can

use the formula x = x;/(1 — x1), x1 () = (u, 1;0, 00)2.

Consider a parametric representation of a function: 7'(u) = Ty + Tyu + Tou* +
S x(u) = xju+ xou® + ..., dx/du(0) # 0. Express the jet of the function

T (u(x)) in terms of the coefficients of the jets of T'(u) and x (u).
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15. Write out a complete system of equations in the deformation space for the
curve M associated with the Chebyshev spline of type (1,0, k_, ky) (see the
definition in Sect. 1.1.5).

16. Prove formulae (6.16) and (6.17) for transformations of Schottky functions.

17. Prove formula (6.18) in the case [ = .



Chapter 7
The Problem of the Optimal Stability
Polynomial

Zolotarév’s solution, which is based on the use of
elliptic functions, is too complicated for practical
purposes.

A.A.Markov [100]

In designing explicit n-stage stable Runge—Kutta methods of order p we come
across the following optimization problem for polynomials:

Find a real polynomial R, (x) of degree at most n approximating the exponential
function with order p < n at the origin (so that R,(x) = 1 + x + x?/2! + --- +
x?/p! 4+ o(x?)) such that the bounds —1 < R,(x) < 1 hold on a possibly large
interval [-L,0], L > 0.

The solution of this problem for p = 1 was found in 1959 by Franklin [65]; it
can be expressed in terms of the classical Chebyshev polynomials: R, (x) = T,,(1 +
x/n?). The Zolotarév polynomials, which can be expressed parametrically in terms
of elliptic functions, provide a solution of the same problem for p = 2 (Lebedev
and Medovikov [94,96]). Many authors (Lebedev and Medovikov [95], Medovikov
[103], Riha [127], Metzger, Lomax, van der Houwen, Abdulle [1], Verwer [153])
pointed out that no closed analytic form is known for the solution R,(x) if p > 2
and put forward various iterative methods for its numerical evaluation. The direct
numerical optimization is extremely labour-consuming and in effect impossible for
polynomials of large degree. The best iterative method known [95] required ca.
96 hours of calculation on a many-processor work-station for the solution of the
problem for p = 3 and n = 576 (Lebedev and Medovikov).

The analytic approach [25,43] to the same problem put forward below required
about a second of calculations on a considerably less powerful processor. Our
analysis of the optimization Problem B in Chap. 1 enables us to figure out the
characteristic features of the solution. We know that the optimal stability polynomial
has many alternance points, so its extremality parameter g is not large.

A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 115
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-25634-9_7,
© Springer-Verlag Berlin Heidelberg 2012
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7.1 The Chebyshev Representation for Solutions

On finding the curve M corresponding to the solution of the optimization problem
we can recover the solution itself by the explicit formula (10). The complexity of
the calculations by this formula in no way depends on the degree n of the solution,
provided that one can effectively calculate the hyperelliptic integral.

7.1.1 The Topological Type of the Associated Curve

The branch points of the curve M associated with a polynomial P, (x) are odd-order
zeros of the polynomial P2(x)— 1. The total number 2g +2 of the branch points and
their number 2k on the real axis are topological invariants of the real curve. They
determine the genus g of the curve M and the number k of coreal ovals on it.

Theorem 7.1. The real curve M associated with the optimal stability polynomial
R, contains precisely one real oval and has genus g < p — 1.

Proof. We list again all the real zeros of the optimal stability polynomial R, (x)
and its derivative, which we found in Lemma 1.3. There are n — p zeros of this
polynomials lying between consecutive alternance points on [—L, 0). Furthermore,
between the rightmost alternance point on this interval and x = 0 there must be a
zero of the polynomial if p is odd or a zero of its derivative if p is even. The other
real zeros of the derivative R/ (x) are the n — p alternance points in the interior of
E := [-L,0]. In particular, the left end-point of E is an alternance point of the
polynomial, but not a zero of its derivative.

The end-points of the interval E are simple zeros of the polynomial R2(x) — 1;
the n — p points of the alternance lying in the interior of E are its double zeros. The
inverse image R !(£1) contains no other points on the real axis since otherwise
the polynomial R, R/, would have zeros not described by Lemma 1.3. For example,
the existence of a point x € R '(+1) outside E means that the polynomial R, or
its derivative have a zero between x and E. The other cases can be considered in a
similar way.

Hence there exist precisely 2p — 2 inverse images (taking multiplicities into
account) of the points =1 outside the real axis. If these inverse images are simple,
then M has genus p — 1. If some of them are multiple, then g is smaller. O

The natural conjecture that the genus of M is equal to p — 1 holds for p < 4.
Proposition 7.1. For p < 4 the genus g is p — 1.

Proof. If p < 3, then there exists in the upper half-plane at most one point in
R;'(£1) with multiplicities taken into account. If p = 3, then each of the points
—1 and 41 has n — 2 inverse images (with multiplicities) on the real axis. Hence
the upper half-plane contains precisely one simple inverse image of each of these
points. O
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We see that for p =1 the solution of the optimization problem from the
Introduction can be expressed in terms of the 0-extremal (Chebyshev) polynomial
and for p =2 in terms of the l-extremal (Zolotarév) polynomial. In the rest of
this chapter we shall thoroughly study the case p =3, which corresponds to the
2-extremal polynomial.

7.1.2 The Moduli Space

For p = 3 the branch divisor of the curve M associated with the optimal stability
polynomial consists of two real points and two pairs of complex conjugate points.
It is convenient to normalize the branch divisor e so that the left real branch point
is at —1 and the right at 0. Such branch divisors form a moduli space %ﬂzl of real
dimension 4 with fundamental group Z. Normalized in the above-described way
is the branch divisor e of the curve M associated with the polynomial P,(x) :=
R, (Lx), which we shall call the reduced optimal stability polynomial.

7.1.3 The Subgroup Induced by the Covering

In this chapter we use another uniformization of elements of the moduli space by
Schottky groups. Accordingly, we shall get another subgroup of the fundamental
group of the punctured sphere C \ e. We must also modify the construction of a
labyrinth.

We join the branch points pairwise by cuts: an interval Ay:=[—1,0], a simple
smooth curve A4 lying in H and connecting the branch points in the upper half-
plane, and the mirror symmetric curve A_ := E The system of cuts A :=
(A4, Ag, A) defines a representation y 4 from 7} (C\ e, 00) into the abstract group
® := (G4,Go,G_|GL = G} = G2 = 1), the free product of three groups of
order 2. We associate with a loop p intersecting transversally one after another the
cuts A,, A, ..., Ao (Where the subscripts «, e, ..., o take the values +, 0, —) the
element

xalp] i = G.G....Go

of this group. The representation into the discrete group & cannot change after
a continuous deformation of the cuts. Two arbitrary cuts of the upper half-plane
having the same end-points are isotopic, and therefore the representation y 4 and, in
particular, its kernel, are independent of our choice of A.

7.1.4 Cycles on a Riemann Surface

On each curve M in the moduli space .7 we distinguish four integral cycles. The
contour Cy goes counterclockwise along the two sides of the interval [—1, 0]. The
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Fig. 7.1 The distinguished
cycles on a curve M, an
element of the moduli
space !

cycle C4+ encircles the pair of branch points in the upper half-plane (see Fig.7.1,
where we indicate by the bold lines the cuts A4, Ag, A— connecting pairwise the
branch points).

The third cycle C_ is obtained from Cy by a reflection and a change of
orientation (throughout this chapter we use =+ to distinguish between the upper and
lower half-planes, rather than between even and odd cycles). The fourth cycle C;
goes along the sides of the cut connecting a branch point in the upper half-plane and
the origin. By contrast with the first three, this cycle is not uniquely defined. The
fundamental group of the moduli space acts naturally in the homology space of the
curve (see Chap. 5 for greater detail); as a result, an integer number of cycles C
can be added to Cj.

7.1.5 Abel’s Equations

If the curve M is associated with a polynomial P,(x), then the distinguished
differential has the following representation:

nu =n""'dlog P,(x,w), (7.1)

where P, (x,w) := P,(x) + / P2(x) — 1 is the (Akhiezer) meromorphic function
on M. In fact, in view of the equality 13n (x, w)ﬁ,, (x,—w) = 1, which can readily
be verified, the divisor of the Akhiezer function consists of the points co_ and oo
covering infinity, with multiplicities n and —n. The differential on the right-hand
side of (7.1) has only simple poles at infinity with residues =1 and purely imaginary
periods: the integral over each integral cycle can be expressed in terms of the
increment of the argument of the Akhiezer function on this cycle and therefore
belongs to the lattice 2;riZ/n. In particular,

/ nm €2miZ/n. (7.2)
Cy

If the curve M is generated by the reduced optimal stability polynomial, then the
integrals over the contours Cy and C4 can be calculated exactly. The polynomial
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R,(Lx) := P,(x) = %(Isn(x, w) + 1/P,(x,w)) performs on [—1, 0] precisely
n — 2 oscillations between +1 and —1. As (x, w) moves along the contour Cy on the
Riemann surface, the point P, (x, w) obtained from P, (x) by the inverse Zhukovskii
map makes precisely n — 2 counterclockwise circuits round the unit circle. Hence
fCo nu = 2mwi(n —2)/n. The cycle Cy + C4 + C_ contracts to the pole co of the

differential 1y, the residue at which is —1. The integrals over Cy and C_ = —J C4.
are equal because the differential is real, and therefore

/ Ny = 2mwin . (7.3)
C+

We shall see below that (7.2) and (7.3) ensure that each integral of 1), over an
integral cycle lies in 277i Z/n. Hence P, (x,w) := expn f(((f(’);v) N is a single-valued
function on the Riemann surface M . The polynomial P, generating the curve M can
be obtained from the Akhiezer function P, by means of the Zhukovskii map and
can be calculated up to the sign by the explicit formula

(x,w)
P,(x) = cos(ni/ nM), xeC, (x,w) e M. (7.4)
(0,0)

7.1.6 Equations on the Moduli Space

In the neighbourhood of the origin the reduced optimal stability polynomial
approximates the function exp(Lx) with third order:

P,(x) = 1+ Lx + (Lx)*/2 4 (Lx)*/6 + O(x*). (7.5)
Eliminating the unknown quantity L = P, (0) we obtain
P/(0) = (PL(0))°, P(0) = (P.(0))’. (7.6)

Theorem 7.2. In the four-dimensional moduli space €' the system of four
equations (7.2), (7.3), (7.6) has a unique solution M. The function (7.4) at this
point M is the reduced optimal stability polynomial.

Proof. We have already carried out the proof in one direction: the curve associated
with the reduced optimal stability polynomial satisfies Abel’s equations as well as
the two constraints (7.6). We now claim that a curve satisfying these four equations
gives rise to a solution of the optimization Problem B.

The four cycles: Cj, Cy and their reflections JCi, J C form a (non-canonical)
basis in the lattice of integer 1-homology of the compact curve M ; their intersection
indices make up an integer matrix with determinant 1. The integral of 1), over
each integral cycle on M lies in 2iZ/n (in view of Abel’s equations (7.2), (7.3)
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and since the differential is real). Hence formula (7.4) determines a single-valued
meromorphic function on M. This function has singularities at the same points as
the differential (that is, at infinity) and is invariant under the involution J, which
changes the sign of the associated differential. Hence this function is a polynomial
in x. Since 1y is real, it follows easily that so also is the polynomial P,(x). For x
ranging from O to —1 the argument of the cosine function in (7.4) remains real
and varies continuously from 0 to —(n — 2)x since fCo nu = 2mi(n —2)/n by
Abel’s second equation (7.3). Accordingly, the deviation of P,(x) on [—1,0] is 1
and the polynomial itself possesses an (n — 2)-alternance on the interval [—1, 0).
We set L := P,(0) > 0; then by the constraints (7.6) the 4-jet of the polynomial
P, (x) has the form (7.5). By the criterion of Theorem 1.3, P,(x/L) is the optimal
stability polynomial. Since the latter must be unique, our system of four equations
is uniquely solvable in the moduli space 7' O

7.2 The Schottky Model

For an effective treatment of Riemann surfaces we shall uniformize the curves M
by means of Schottky groups; then the moduli space will be represented as the
deformation space of some Kleinian group. The quantities participating in our
system of 4 equations and defined on the moduli space can be calculated effectively
in terms of linear Poincaré series, certain sums over the group. A uniformization for
which these series converge in the entire moduli space is described in Chap. 6. We
describe below another uniformization, for which Poincaré series converge better
in a neighbourhood of a solution, particularly for large n. Unfortunately, using this
approach one can only ensure that the series converges in a (fairly large) piece of
the moduli space.

7.2.1 The Deformation Space

A linear fractional transformation of order 2 with complex fixed points ¢ & r has
the following form:

Gi(u):=Gru:=c+r*/(u—rc). (1.7)

Definition 7.1. By the deformation space & we shall mean the set of transforma-
tions (7.7) taking the interior of some simple smooth closed curve C. lying entirely
in the open first quadrant onto the exterior of this curve (see Fig. 7.2).

One can parametrize the deformation space by the complex coefficients ¢ and r>
of the transformation G4 or by unordered pairs ¢, ¢’ of fixed points of it, which
must lie in the first quadrant. We now describe explicitly the range of the moduli in
the space C2.
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Fig. 7.2 The fundamental
domain of the group &
related to a point in the
deformation space ¢

Fig. 7.3 The choice of the
contour C4
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Theorem 7.3. The space 9 is defined by the following system of inequalities:

[r| >0; Rec > |Rer|;

Ime > |Imr|;

Im(c? —r?) > |r|. (7.8)

Proof. A. Let ¢ and r? be the moduli defining a point in &. The lower half-plane

—H and the left half-plane i H lie outside C. Their G (u)-images lie inside C,
that is, in the interior of the first quadrant of the u-plane. The image of the lower
half-plane is the disc with centre at ¢ — r2/(c — ¢) and of radius |r|>/|c — C|; the
left half-plane is mapped onto the disc with centre at ¢ — r2/(c + ¢) and with
radius |r|>/|c + ¢|. A disc lies in the first quadrant if and only if both real and
imaginary parts of its centre are larger than its radius. Hence, bearing in mind
that ¢ = G4 (o0) lies in the first quadrant, we easily obtain inequalities (7.8).
. We shall demonstrate how the contour C required in the definition can be
selected in the case when the moduli ¢ and r? satisfy inequalities (7.8). Then
the union of discs K := Gy (—H) U G4 (iH) lies in the interior of the first
quadrant and contains no fixed points of the transformation G (u). The line /
passing through the points ¢ =+ r intersects the closure of K in a segment since
the point ¢ = G4 (o0) lies at the boundary of both discs. We can connect the fixed
points ¢ £ r of G4 («) by a smooth simple curve X lying in the first quadrant,
to one side of /, and disjoint from the closure of K (see Fig.7.3). We take the
union of X and G4 (X) for the contour C; then we obtain a smooth closed
curve without self-intersections that lies entirely in the first quadrant; the action
of G interchanges its interior and exterior. Indeed, the map G4 interchanges the
half-planes to the left and to the right of /, while the doubly connected domain
that is the complement of K with respect to the first quadrant is invariant.

O
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Remark 7.1. Ttis not always possible to take a circle for C. If this is possible, then
we say that the corresponding point in the deformation space is classical: the reasons
will soon be clear. We now show how large is the classical part of the space ¢.

There exist precisely two circles passing through a fixed point g in the first
quadrant and tangent to its sides. The interior of the convex hull of these circles
(see Fig.7.4), minus ¢ itself, is the locus of points ¢’ such that ¢ and ¢’ are fixed
points of a classical element G4 of the deformation space. Corresponding to the
deformation space in this figure are points ¢’ # ¢ in the first quadrant lying inside
the circle with centre at x + 2y + i(y + 2x) and of radius 2x + 2y, where
we set ¢ = x + iy. The two circles determined above by g are tangent to this
circle from inside. Fixing one fixed point ¢ we define a two-dimensional section of
the deformation space. The share of the classical part in this section depends only
on the argument of ¢ ranging in (0, 7r/2). This dependence is shown in Fig. 7.5.

7.2.2 The Moduli Space and the Deformation Space

A point G+ in the deformation space generates a group ® on three generators: G u;
Gou := —u; G_u = G4i. By Klein’s combination theorem [89] this group acts
discontinuously in some subdomain ¥ = Z(&) of the sphere and all the relations
in the group are consequences of three: G1. = G = G2 = 1. The fundamental
domain of this group is triply connected; it is bounded by the imaginary axis, the
curve C4 and its reflection C_ := Cy. The Schottky group & of genus 2 with
generators S+ = GGy is a subgroup of & of index 2. This Schottky group is
classical, that is, has a fundamental domain bounded by circles if the generating
point (c, r?) in the deformation space is classical in the sense mentioned above.
The quotient manifold by the Schottky group admits a hyperbolic involution
J := Gy (with 6 fixed points 0, oo, ¢ & r, ¢ & 7) and the reflection Ju = 1,

Fig. 7.4 A two-dimensional
section of the classical part of
the deformation space

Re u

0.8
0.6
Fig. 7.5 The share of the 0.4
classical part in a 0.2

. . . I I I I
2-dimensional section of the ‘ ‘ ‘ ‘ ‘
deformation space 0 0.4 0.8 1.2 1.6
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so that it is a real hyperelliptic curve of genus 2. Selecting the natural orientation on
the real line and distinguishing a point # = 1 on it (which will play the role of the
distinguished point co) we obtain an element of the moduli space .#;'. Now we
describe explicitly the map from the deformation space ¢ into %'

The quotient /& is the Riemann sphere. We normalize the natural projection
x (u) of the discontinuity set & of the group onto C so that it takes the points 0, 1, co
to 0, oo, —1, respectively. Such a projection is unique and respects complex conju-
gation: x (if) = x(u). Projecting the 6 fixed points of the hyperelliptic involution J
we obtain the normalized branch divisor e, the element of the moduli space %”21
associated with the element G of the deformation space 4.

It follows from Koebe’s classical theorem on cross cuts (“Riickkehrschnitte’)
that following this prescription we can recover all the points in the moduli space.
However, the use of the quasiconformal machinery simplifies the argument.

Theorem 7.4. The spaces ¢ and %”; are homeomorphic.

Proof. A. The map 4 — ' is injective. The projection x(u) is an unramified
cover of the Riemann sphere punctured at the points in the branch divisor.
]

The corresponding covering space is Z, the domain of discontinuity, which is
punctured at the fixed points of all the elliptic elements of &.

Let Gﬂ_ and Gj_ € ¢ be elements producing the same branch divisor e € %ﬂzl.
We shall mark by superscripts 0 and 1 the corresponding groups, projections, etc.
The subgroup of 77;(CP' \ e, 0o) induced by the covering x(u) is the kernel of
the representation y 4 in Sect. 1 defined by the cut Ay := xO(C ) in the upper
half-plane. The subgroup induced by the other covering x'(u) is defined by the
cut x! (Cj_), which is isotopic to the former. We already observed in Sect.7.1.3
that these groups coincide, therefore one can define a one-to-one map between
the covering spaces f = (xH)~'x0% éo — .él normalized by the equality
f (1) = 1. This map is equlvarlant with respect to the deck transformation
groups: f GY = G, f f Gy = Gy f Using the continuity and equivariance
we can define the map f at the punctures of 2°. The domain of discontinuity
of the Schottky group is in the class O4p (that is, each analytic function with
finite Dirichlet integral in this domain is constant) and a univalent function in
the domain of discontinuity is linear fractional [79]. The points 0 and oo are
fixed by f alongside 1: either projection x (1) = x°(u) and x!(u) takes the paths
[0, 1] and [1, 0] to the intervals [0, oo] and [oco, —1], respectively. Hence f is the
identity map. By the equivariance condition G} = G1..

B. The map ¢ — %ﬁl is onto. Consider an arbitrary element G of the deformation
space mapped to a divisor e in the moduli space. Let f be a plane diffeomorphism
commuting with complex conjugation and taking e to a given divisor e/. We
shall also additionally assume that f is conformal in a neighbourhood of
the points in e. We can pull back the Beltrami differential p(x)dx/dx :=
(f+dx)/(fcdx) to the domain of discontinuity 2 of @& by means of the
ramified covering x (u). The new Beltrami differential ji(u)du/du, ji(u) :=
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w(x(u)) Zijjz is G-invariant. The limit set of the group has planar measure
zero, therefore the coefficient fi(u) defines an element of Lo, (C) that is smooth
on the discontinuity set & of the group. There exists a unique quasiconformal
homeomorphism f (u) of the Riemann sphere satisfying Beltrami’s equation
fu = [ f. and stabilizing the three points 0, 1, and oo. It follows from the
G-invariance of the Beltrami differential that the homeomorphisms f (u) and
f (Gu) differ by a conformal motion of the Riemann sphere:

G'f=fG, Ge®, G/ ePSL(C).

The element G i, which is called a quasiconformal deformation of the element
G+, has order 2 and takes the exterior of the smooth curve j? C to its interior.
The curve fC4 lies in the image of the first quadrant. We claim that each
quadrant is invariant under ]7 (1), which means that GJfr is an element of the
deformation space ¢.

The mirror symmetry of the Beltrami coefficient ft(u) = fi(u) and the nor-
malization set {0, 1, oo} shows that f(z) commutes with complex conjugation.
Hence fR = R. In view of the normalization, the deformatign of Gy ~is trivial,
therefore for points u € iR we have the chain of equalities f (1) = f(—u) =

- ]7 n) = — f (u). We see that the real and imaginary axes are invariant and,
moreover, keep their orientations. Therefore all the quadrants are f-invariant.

It remains to show that the so-obtained element G _{_ of the deformation space
is taken to the divisor ¢ € %' Let x/ (u): 9/ = 2 — Cbea projection
normalized as before and corresponding to the element G Jfr Using the uniqueness
of the normalized quasiconformal map with fixed Beltrami coefficient we can
show that x/ f = fx (see Lemma 3.7.1). The branch divisor corresponding to
G‘i is formed by the points in x/ {fix Gf, fix G({v} = xff{ﬁx Gi,fixGy} =
[x{fixGy,fixGo} = fe=¢.

O

Remark 7.2. The method of the proof of Theorem 3.5 enables one to prove that the
local coordinate system (e, e;) (the points in the normalized divisor e in the upper
half-plane) in the moduli space and the coordinate system (c, 2) in the deformation
space ¢ are related by a biholomorphism.

7.2.3 Constructive Function Theory

The Schottky groups & corresponding to the classical part of the deformation space
satisfy the following Schottky criterion. The fundamental domain R bounded by the
Sour circles Cy, C_, —Cy, —C_ can be partitioned into triply connected domains
(pants) bounded by circles. As is known, the linear Poincaré series converge in this
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case absolutely and uniformly on compact subsets of the domain of discontinuity of
the group [132]. Now we can effectively construct various analytic objects invariant
under the action of &.

Formulae (6.6) and (6.4) for abelian differentials of the second and third kinds
remain the same. Both holomorphic forms on the curve M = /G of genus 2 also
have a familiar form:

Co=nsyy = Y (= Sox)™ = (u—Spr) " }du =

Se6I(S4)

= Y ASu—ax) = (Su—pu)}dSw), (7.9

SE(S4)6

where o4 is the attracting fixed point and B4 the repelling fixed point of the
linear fractional map S+; the sum is taken over representatives of the cosets by
the subgroup (S+) C & generated by the element S+. The normalization of the
differentials under consideration is as before:

/ Mo = 0; / Wz = 0; Cy = 2mi; (+=0; z7€R.
Cx Ct Cx Ct

(7.10)
We define in the standard way the Schottky functions (6.14) and also the functions
" u— So4
Ei(u):=exp | {+= 1_[ m, (7.1D)
o ses|(St) *
which are transformed in accordance with the well-known formulae
(Sxu,u'52,7) = (w2, 7)E+(2)/ Ex(2), (7.12)
Eo(Sett) = Eo(u)Ece, ©0,0 € {+,—}. (7.13)
The constants occurring here have the familiar form
S o — L] S o — L]
Foo=Fe= [] 2@ S (7.14)

S€(54)16(S0) Sae — ,30 S,Bo - ,30

where the product is taken over two-sided cosets of the group & and, when the
subscripts o and e coincide, the coefficient 0/oco corresponding to S = 1 must be
replaced by the dilatation coefficient Ao := S/ (o).

One can reduce the resources required for the calculation of Poincaré series by
making use of the two involutions J and J on the group &. They are induced by
the symmetries of M and commute: JS (1) := —S(—u); JSu) := S@), S € &.
The involution J is well defined on the cosets G|(S4+) and &|(S-) of the group &,




126 7 The Problem of the Optimal Stability Polynomial

while J takes the former cosets to the latter and conversely. We can group terms of
Poincaré series mutually corresponding under either of the involutions. For instance,
for u € R we have

—2d
n-11(u) = uz——’I_’_
1 1 1 1
> ZRe[u— S w—SM) TutS) u+ S(—l)} du,

1#5e6/~

where the elements S # 1 of & are divided into classes S ~ JS ~ JS ~ JJS.
For real u we also have

G+ =2 Y Re[(u—S@)™ —@w—SB)"]du.

ses|(s)

In particular, it follows from these equalities that the meromorphic differential
n—11 and the holomorphic differential {4 + ¢_ are real. Besides the reduction of
computations, with the use of such transformations one can often stay within real
arithmetic.

A non-trivial meromorphic function on the orbit variety of the group & can be
expressed in terms of Schottky functions using an obvious analogue of Lemma 6.4.

Example 7.1. We calculate the projection x (1) of the domain of discontinuity of the
Kleinian group & onto the Riemann sphere which is normalized, as before, by the
condition (0, 1, c0) — (0, 0o, —1). The function x(u) has a double zero at u = 0
and simple poles at # = =£1; in addition, the increment of the argument of x (i)
along the boundary circles C4 is 0. Hence dx(u)/x(u) = no1(u) + no—1(u) =
no1 () + no1(—u) and the projection has the following representation

x(u) = —(u,00;0, 1)(—u, 00;0,1). (7.15)

Example 7.2. Assuming that Abel’s equations are fulfilled we calculate the poly-
nomial P, at the corresponding point in the deformation space by formula (7.4).
The distinguished differential 1), on the curve M := 2/& is real, and therefore
both integrals over the circles C4 are equal to 27i/n by Abel’s second equation
(7.3). This differential has simple poles at the points +1 with residues F1, and
therefore it has the following form:

1
Nt =n-u+ ;(§+ +¢-). (7.16)

The Akhiezer function on M has the following form as a function of the uniformiz-
ing variable u:
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W E+ () E_(u)
E4(0) E-(0)

P,(x,w):=T(u) = exp(n/un*) = (u,0;—1,1) (7.17)
0

Finally, the 2-extremal polynomial P,(x) can be obtained from (7.17) by means of
the Zhukovskii map.

7.3 Equations on the Deformation Space

Formulae (6.3) and (7.15), (7.17) in the previous section give us an effective
parametric representation for the reduced optimal stability polynomial, provided
that Abel’s equations and the constraints are fulfilled at some point in the classical
part of . We proceed to the derivation of these equations on the deformation space.

7.3.1 Abel’s Equations

Lemma 7.1. In the classical part of the deformation space 4 the two real Abel
(7.2) and (7.3) are equivalent to the single complex condition

EY(1)= E41E4 (7.18)

REMARKS. 1. Condition (7.18) is equivalent to Abel’s equation on the whole of ¢,
provided that we define the quantities involved in this condition without the use
of Poincaré series (which may diverge).

2. Condition (7.18) is equivalent to the automorphy of the function (7.17).

Proof. A. If Abel’s second equation (7.3) holds, then in the Shottky model the
distinguished differential 7,, has the form (7.16). Equation (7.2) is equivalent
to the condition exp(n -[CI nM) = 1. Using in succession Riemann’s relation,
the transformation rules for Schottky functions (7.13), and the oddness of

the holomorphic differentials {4 (—u) = —C4(u) we obtain the sequence of
equalities
Syu —1 Syu
1= exp(n/ 77*) = exp(n/ NS4+ uu +/ (C-ﬁ- + é‘—)) =
u 1 u
Ei(=1)y\" EiyEqf
= Ei By = ——Fn
( E+U)) (E4 (1)

B. Going backwards along the above chain of equalities, from condition (7.18) we
obtain -[CI n* € 2miZ/n. The normalization (7.10) of the abelian differential

yields fC+ n* = 2mi/n. It remains to demonstrate that n* is the associated
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differential on the curve M = %/& with punctures in the orbits of u = +1.
The differential 5* is real, and so the integrals over the reflected cycles J C; and
JC, on M are also purely imaginary. Considered on the orbit space of the group
the differential n* has simple poles at the distinguished points +1 with residues
F1 and purely imaginary periods, therefore n* = n,,. O

7.3.2 Constraints

If Abel’s equations are fulfilled, then the function (7.4) is a polynomial, which in
the Schottky model can be defined parametrically by formulae (7.15), (7.17), (6.3).
Now we find the first three derivatives of P, (x) at the origin; to this end we consider
the jets of the functions 7' (u) := P,(x) and x (u):

T(u) = cosh(/ nn*) =1+ Tou® + Tyu* + Tou® + ...,
’ . (7.19)
x(u) = —eXP(—/ Nio + 77—10) = x2u2 + x4u4 + x6u6 + ...

o

For the derivatives of P,(x) at the origin we have the formulae

P,(0) = Ty /xz:
P (0) = 2(Taxy — Thxa) /%3 (7.20)

P,"(0) = 6[2(Toxs — Taxa)xs + (Texz — Taxe)xal/53.
After substituting the expressions (7.20) the constraints (7.6) depend only on the
projective jet x, : x4 : xg of x(u). This is as expected: the constraints were obtained

by eliminating the scaling factor L, so they survive dilations of the independent
variable x.

7.3.3 The Jet of T (u)

We calculate the coefficients y;* of the Taylor expansion n*/du = y§ + yyu® +
yiu* + ... with the use of the convergent series

u=
NS

+% > Re[(SB)) T = (Say)TT 1=0.2.4.....

ses(sy)
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The first three non-trivial coefficients in the expansion of 7' (u):= cosh(n fou n*) in
powers of u are as follows:

T, = —(nygy;
2
* * *\4
7, = M)y | o) (7.21)
3 24
T, = (myg)(nyd) | (y3)* | (y3)*(ny3) 4 o )°
5 18 18 720

7.3.4 The Projective Jet of x (u)

Comparing the coefficients of different powers of u in the equality dx(u) =
(o1 () + no1(—w))x (u) =: 2(1/u + yu + ysu® + ...)x du we obtain

xz:x4:x6:2:2y1:(y12+y3)-

The coefficient y; of the Taylor expansion of 7¢;(#)/d u in a neighbourhood of the
origin can be calculated by the formulae

Y :%Di[%(“)—l/m]u:f 1+ Y ST =sopTT =13,

1#Se6

7.3.5 Variational Theory

For an effective solution of our system of four equations (7.18), (7.6) on the
deformation space one must find the derivatives of the quantities involved in these
equations with respect to the moduli. Abel’s equations in the form (7.18) contain
a period of the integral of the differential n*. The constraints (7.6) in the Schottky
model are certain relations between abelian integrals with fixed limits of integration.
Indeed, using Riemann’s relations one can transform the coefficients of the jets of
the differentials n* and 7o, to the required form:

v — D! 77_* — pl+l ! * =
i = D[ Tw] = [l

—1 1 S4w S—w
= / w(i+10 + = [/ w1+1)0 + / w(1+1)o} .
1 n w w
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The position of the point w is not important here. The differential 7y has a
singularity at u = 0, and therefore the coefficients of its jet are regularizations
of divergent integrals:

0 1!
1y = pl(Mo1 — i -
iy D“(du ) 1/u>‘u=0 :}ER) [/1 @a+out (—u)l+1i| '

Using an obvious modification of the variational formulae in Sect.6.2.2, we
obtain the derivatives of all the quantities participating in the equations on the
deformation space ¢:

5/@ N ~—Qri)t Y /C n* ()4 ) te[M(w) - 88 - S/ d u,

o=+ —

sy~ @ity Y [ ousnomouM) 83,5 ) du, 1=1.3,
o=+ — Ce

Sy ~—Quil)™ Y / a0 7 @) M) -8Se- S /du, 1=0,2.4.
o=+ — Ce

7.3.6 Hejhal’s Formulae

As we know, an efficient use of variational formulae is based on expanding the
quadratic differentials such as n* ¢ and w(41)0n™ with respect to a basis consisting
of Poincaré quadratic theta series, for which the Hejhal map

E(u)(du)zlﬂ ; EwMu)du esl(C) (7.22)
+
is explicitly known. Consider the following real even quadratic differentials regular
at infinity:
Re(u)(du)”:=[u* —al] > (du)”;
Ro(u)(du)®:=[(w* —a3) (> =) (du)*;
RNy (du)’:= [ = 1)’ — o) (0 — )] (du)*; (7.23)
R¥(u)(du)* = [ (u? — o) (® —o2)] " (du)®;
R™(u)(du)*:=u""(du)®>, m=4,6.
Averaging them over & we obtain three holomorphic quadratic differentials on the

orbit manifold M := /& and also even meromorphic differentials with simple
poles at =1 or poles of orders 2, 4, and 6 at u = 0:
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Os[Re]()(du)*:= )" Rae(Su)(dSw)*, (7.24)
SE(S4)6
@2[R](u)(du)2:=ZR(SM)(dS(u))Z, R=Ry,R™'",R® R¥0 R%0  (7.25)
Ses

The absolute convergence of these series on compact subsets of the domain of
discontinuity of the group is a consequence of the convergence of (6.4) and (7.9).
For instance, the relative quadratic Poincaré series (7.24) are formed by the squares
of terms of the linear series (7.9). The Hejhal maps for these series can be calculated
by termwise integration.

Theorem 7.5 (Hejhal’s formulae). The values of the map (7.22) at the quadratic
theta series (7.24) and (7.25) are presented in Table 7.1. Here Ay := S’ (a+) is the
dilation coefficient of the generator S+ of the Schottky group.

Proof. The proof of Hejhal’s formulae repeats word for word the calculations in the
proof of a similar result in the previous chapter. O

One consequence of Hejhal’s formulae is as follows.

Lemma 7.2. The quadratic Poincaré series ©»[Ry](du)?, ©,[R_|(du)? and
®1[Ro](du)?* form a basis in the space of holomorphic quadratic differential on
the curve M in the Schottky model.

Proof. The space of holomorphic quadratic differentials of a curve of genus g has
dimension 3g — 3. We claim that on a curve of genus g = 2 the three differentials
O1[R+](du)?, ©2[R-](du)?, and @;[Ro](du)?* are linearly independent. Consider
three functionals over quadratic differentials: the quantities at the positions (1,1)
and (1,2) for the Hejhal map [+] in (7.22) and the quantity at the position (1,2)
for the map [—]. The values of these functionals at the differentials $2o(du)?,
24 (du)?, and $2_(du)? form an upper triangular matrix with non-singular diag-
onal: —im/ (o:%r —a?),im/(ay), im/(2a—). Hence these differentials are linearly
independent and form a basis in the space of quadratic differentials on the curve.

|
Table 7.1 Hejhal map for several quadratic Poincare series
R(u) fCi O,[R)(u)M(u)du
Ry m(“ﬂ(ai) +A1M(=ay))
0 oy

R dn H

+ 2ozi a:t

—11 i T —
R szl e —aDioip M) +A:M(—ez))
R*0 5 Mat) + fALM(—ag))

ai(ai—a;)(l Ay)

R; R%0; R0 0
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How can we calculate the Hejhal map at a meromorphic quadratic differential
such as n* {4, wg+10n™ or wy+10(Ni0 + N—10)? We subtract from it a quadratic
Poincaré series with suitable singularities and expand the remaining holomorphic
quadratic differential with respect to the basis in Lemma 7.2, for which the Hejhal
map is described by explicit formulae.

7.4 Numerical Experiments

The system of four equations (7.18), (7.6) with substituted quantities (7.20) has at
most one solution in the classical part of the deformation space ¢ for fixed degree
n. The author developed software for finding this solution by Newton’s method. The
first approximation for a low degree n was found by the trial-and-error method. The
solution with numerical accuracy of our system of four equations for fixed n can be
used as an initial approximation in Newton’s method for systems of degrees n + 1,
...,n+ 5 and even n + 50 if n is large. We solved the equations to within 107!3
for degrees up to n = 1001; here all the solutions (c,7?) occur in the classical part
of the deformation space. We could see no tendency towards deceleration of the
convergence of the Poincaré series with growth of n: Rec, Imc > |r| (see Table 7.2).

We also calculated the length L of the stability interval. For p = 1, when the
solution can be expressed in terms of the Chebyshev polynomial, L = 2n>. We see
from Table 7.2 that for p =3 the quantity L /n? stabilizes—this was also pointed out
by other authors. We plot the graph of the reduced optimal stability polynomial of
degree n =31 for p =3 in Fig. 7.6.

Table 7.2 Solutions of four equations (7.18), (7.6) on the deformation space. Length of stability
interval.

n c r? L/n?

27 0.058294188+i0.072379887  3.92447195D —005+i1.12862487D—005  0.498393
107 0.014619780+:0.018280095  2.48122506D —006+:7.45913680D —007  0.500954
157 0.009961570+1i0.012458796  1.15218232D —006+i3.46919646D —007  0.501047
199  0.007858553+1:0.009829401  7.17095951D —007+i2.16027548 D —007  0.501078
251 0.006230206+:0.007793080  4.50726679D —007+i1.35825821D—007  0.501097
301 0.005195168+1i0.006498569  3.13412277D —007+1:9.44617098 D —008  0.501106
401 0.003899525+i0.004877994  1.76582873 D —007+i5.32302909D —008  0.501116
501 0.003121143+i0.003904348  1.13124444D —007+i3.41035348D—008  0.501120
576 0.00271473241i0.003395971  8.55824263 D —008+i2.58013073D—008  0.501122
651 0.002401967+i0.003004732  6.69986418 D —008+i2.01991310D —008  0.501124
751 0.002082125+i0.002604635  5.03438797D —008+-i1.51782584D—008  0.501125
851 0.001837454+10.002298568  3.92072592D —008+-i1.18208166 D —008  0.501126
951 0.001644239+i0.002056868  3.13952470D —008+i9.46561689D —009  0.501126
1001 0.001562108+:0.001954128  2.83371730D —008+18.54364345D—009  0.501126
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Fig. 7.6 The graph of the reduced optimal stability polynomial for p =3, n =31

7.5 Problems and Exercises

1. What points ¢ # ¢’ in the first quadrant of the plane can be fixed points of a
classical element of the deformation space ¢?
Answer. The following two inequalities are necessary and sufficient:
tY(q@)>1t7(q), tT(q") >t~ (q), where t*(x +iy):=x + y + /2xy.
2. Give an example of a Schottky group whose fundamental domain cannot be
bounded by circles.
3. (Ford, [64]) Prove Klein’s combination theorem:

Theorem 7.6. Let &,,...,&,, be Kleinian groups with fundamental domains

Ri.....Ry such that for s # j the exterior of Ry lies in R;. Then &y,...,8,,

generate a Kleinian group & which is the free product of its factors. The
m

Sfundamental domain of & is the intersection () R;.
s=1
4. (Hurwitz and Courant, [79], Tsuji, [149]) Show that the domain of discontinuity
2 of an arbitrary Schottky group & lies in the class 04p, that is, any analytic
function f(u) with finite Dirichlet integral in this domain is constant.
Solution. Let R be a standard fundamental domain of the Schottky group, that
is, the exterior of 2g contours in the plane. Let &, be the closure of the union of

translated fundamental domains | J SR. The required result follows from the
[S|<n
estimates

frdf

0Dy

<const

/@df/\df'e

/0 dedf':

/ df nd j'—>o.
-@n+l\-@n71

Here we have used an inequality which is a consequence of the following
lemma.

Lemma 7.3. Let B be a domain containing a contour C. Then the following
estimate holds for each holomorphic function f(u) in B:

/CfAdf

fconst(B,C)‘/ df Adf’.
B
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The constant in this inequality is invariant under conformal maps S(u) of the

domain: const(S(B),S(C)) =const(B,C).
Proof. We have

'/ Fynd Fw
C

:‘/C(f(u)—f(uo))/\d];(”)

<max|f'(w)|C]/2,
ueC

where 1y € C and |C| is the length of C. For a holomorphic function F(u) in a
disc of radius r,

/ F’(u)du/\dit:/ F(u)dﬁ:—/ F(u)rzdu:—2m'r2F’(O).
lul<r lu|=r

2
lu|=r u

Setting /(1) = (f')?(u) we obtain max| /(> < (27r)”" ‘ [pdf nd j), where

r is the distance between the contour C and the boundary of B.
0

5. (Hurwitz and Courant, [79]) Show that a function univalent in the domain of
discontinuity of a Schottky group is linear fractional.

6. Show that the limit set of an arbitrary (finitely generated) Schottky group has
planar measure zero.

7. Give estimates for the remainder term of a linear Poincaré series for a classical
Schottky group corresponding to a point in the deformation space ¢.

8. Show that the projective jet x; : x4 : X6 : ... of the function x () in Sect.7.3.4 is
equal to ky 1 kg :kg: ..., where

._l @ — —I—=1¢/ _
k,._“[du]m_seze(su)) S'(1), 1=2.46,...

Hint. Show that the differential dx (i) is proportional to w;; (u) + w11 (—u).
9. Prove Hejhal’s formula in Theorem 7.5.



Conclusion

Of course, this is not the last word in the investigation and application of the
Chebyshev approach to optimization problems in polynomial spaces. For instance,
there can be further development along the following lines:

1.

Describe the stratification of the sphere {|| P||g = 1} in the space (2) by smooth
faces. To our knowledge, this is an unsolved problem even in the case when E is
a single interval.

. Determine integers g, k, mo,..., m, corresponding to the solution of an

extremum problem from the data of this problem.

. Investigate the topology of the fibres of the period map I71_: 3@5" — R&. We

conjectured above that each component of a fiber is a cell.

. Linear Poincaré theta series are poorly convergent in a neighbourhood of (a part

of) the boundary of our moduli space. The question of improving the convergence
arises. A more general question was put by Klein in 1923: regularize absolutely
divergent theta series.

. Develop global methods for solving equations (for instance, Abel’s equations)

in moduli spaces of curves. Newton’s method works very well in a small
neighbourhood of a solution, but its global dynamics is completely unpredictable.

. Use other uniformizations of curves M for calculations. Fuchsian uniformization

cannot be used because then linear Poincaré theta series will be divergent [149].
Another Schottky uniformization, not equivalent to the one presented here (and
based on an incomplete dissection) was used in [37]; in this case Abel’s equations
and the parametric representation for polynomials get another form.

. Use Riemann theta functions in the computations of the theory. The advantage

of this approach is a higher convergence rate of series, particularly for large
genera g. But it also has two deficiencies: (1) the Schottky problem of describing
the period matrices of (hyperelliptic) Riemann surfaces in the Siegel upper half-

A. Bogatyrev and N. Kruzhilin, Extremal Polynomials and Riemann Surfaces, 135
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space [108] must be solved numerically; (2) the image of an algebraic curve in
its Jacobian under the Abel-Jacobi map must be localized numerically.

8. Construct a compactification of the moduli space ’H’;, such that the cell decom-
position of Chapter 4 becomes a cell complex.

9. Prove or disprove that the value L/n? for optimal stability polynomials con-
verges for each p = 2,3, .... Give the value of this limit in terms of Riemann
surfaces.
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